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Abstract We calculate the RT-invariants of all oriented Seifert manifolds 

directly from surgery presentations. We work in the general framework of 
an arbitrary modular category as in [Tu], and the invariants are expressed 
in terms of the S- and T-matrices of the modular category. In another 
direction we derive a rational surgery formula, which states how the RT- 
invariants behave under rational surgery along framed links in arbitrary 
closed oriented 3-manifolds with embedded colored ribbon graphs. The 
surgery formula is used to give another derivation of the RT-invariants of 
Seifert manifolds with oricntablc base. 
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1 Introduction 

A major challenge in the theory of quantum invariants of links and 3-manifolds, 
notably the Jones polynomial of links in S*'^ [Jo], is to determine relationships 
between these invariants and classical invariants. In 1988 Witten [Wi] gave a 
sort of an answer by his interpretation of the Jones polynomial (and its general- 
izations) in terms of quantum field theory. Witten not only gave a description of 
the Jones polynomial in terms of 3-dimensional topology /geometry, but he also 
initiated the era of quantum invariants of 3-manifolds by defining invariants 
Z^{M,L) G C of an arbitrary closed oriented 3-manifold M with an embed- 
ded colored link L by quantizing the Chcrn-Simons field theory associated to 
a simply connected compact simple Lie group G, k being an arbitrary posi- 
tive integer, called the (quantum) level. The invariant Z^{M,L) is given by 
a Feynman path integral over the (infinite dimensional) space of gauge equiv- 
alence classes of connections in a G— bundle over M . This integral should be 
understood in a formal way since, at the moment of writing, it seems that no 
mathematically rigorous definition is known, cf. [JL, Sect. 20. 2. A]. 
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By using stationary phase approximation techniques together with path integral 
arguments Witten was able [Wi] to express the leading asymptotics of Z^[M) 
as A: —> DO in terms of such topological/geometric invariants as Chern-Simons 
invariants, Reidemeister torsions and spectral flows, so here we see a way to 
extract topological information from the invariants Z^{M) (here L = 0). Fur- 
thermore, a full asymptotic expansion of Z^{M) as /c ^ oo is expected on 
the basis of a full perturbative analysis of the Feynman path integral, see e.g. 
[ASl], [AS2]. 

Reshetikhin and Turaev [RT2] constructed invariants Tf'^^^\M,L) G C by a 
mathematical approach via representations of a quantum group C/g(s/2(C)), 
q = exp(27ri/r), r an integer > 2. Shortly afterwards, quantum invariants 
Tr{M,L) £ C associated to other complex simple Lie algebras g were con- 
structed using representations of the quantum groups Uq{Q), q = exp(27ri/r) a 
'nice' root of unity, see [TWl]. Both in Witten's approach and in the approach 
of Reshetikhin and Turaev the invariants are part of a so-called topological 
quantum field theory (TQFT). This implies that the invariants are defined for 
compact oriented 3-dimensional cobordisms (perhaps with some extra struc- 
ture on the boundary), and satisfy certain cut-and-paste axioms, see [At], [Q], 
[Tu]. The TQFT of Reshetikhin and Turaev can from an algebraic point of 
view be given a more general formulation by using so-called modular categories 
[Tu]. The representation theory of Uq{Q), q an arbitrary complex simple Lie 
algebra, induces such a modular category ii q = e^p{2m/r) is chosen properly, 
see [TWl], the appendix in [TW2], [Kir], [BK], [Sa], and [Le]. 

It is believed that the TQFT's of Witten and Reshetikhin-Turaev coincide. 
In particular it is conjectured, that Witten's leading asymptotics for Zjf{M) 
should be valid for the function r t-^ Tr{M) in the limit r ^ oo and further- 
more, that this function should have a full asymptotic expansion. In this paper 
we initiate a verification of this conjecture for oriented Seifert manifolds by de- 
riving formulas for the RT-invariants of these manifolds. In a subsequent paper 
[Ha2] we then use these formulas to calculate the large r asymptotics of the 
RT-invariants and thereby prove the so-called asymptotic expansion conjecture 
for such manifolds in the 5^2 (C) -case. The precise formulation of this conjec- 
ture, which is a combination of Witten's leading asymptotics and the existence 
of a full asymptotic expansion of a certain type, was proposed by Andersen 
in [A], where he proved it for mapping tori of finite order diffeomorphisms of 
orientable surfaces of genus at least two using the gauge theory definition of the 
quantum invariants. 

In the following a Seifert manifold means an oriented Seifert manifold. Calcu- 
lations of quantum invariants of lens spaces and other Seifert manifolds have 
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been done by several people [A], [G], [J], [LR], [N], [Roz], [Tal], [Ta2], [Tu] and 
probably many more. The papers [G], [J], [LR], [N], [Tal] and [Ta2] calculate 
and study the quantum invariants of lens spaces and other Seifert manifolds 
with base equal to 5^. In [Tal], [Ta2] the so-called P5^„(C) -invariants are 
calculated. The PsZn(C) -invariant of a closed oriented 3-manifold M associ- 
ated with an integer r > n coprime to n is a factor of Tf"^'^\M). Neil [N] 
calculates the s/2(C) -invariants based on Lickerish skein theoretical approach 
[Li2]. In [LR] the S'C/(2) -invariants of certain Seifert manifolds with base S'^ 
are calculated and studied. The class of Seifert manifolds considered includes 
the Seifert manifolds which arc integral homology spheres. Rozansky [Roz] de- 
rives a formula for the S'C/(2) -invariants of all Seifert manifolds with oricntable 
base. The papers [G], [J], [LR] and [Roz] are based on Witten's approach to the 
invariants. Andersen [A] calculates quantum G-invariants of all mapping tori of 
finite order diffeomorphisms of orientable surfaces of genus at least two, where 
G is an arbitrary simply connected compact simple Lie group. The mapping 
tori of finite order diffeomorphisms of an orientable surface of genus g are 
precisely the Seifert manifolds with base T,g and Seifert Euler number equal 
to zero. Turaev has calculated the RT-invariants associated to an arbitrary 
unimodal modular category of all graph manifolds, cf. [Tu, Sect. X.9]. These 
manifolds include the Seifert manifolds with orientable base (but not the ones 
with non-orientable base). 

In this paper we extend the above results in two directions. Firstly, we calcu- 
late the RT-invariants of all Seifert manifolds. In particular we calculate the 
invariants of Seifert manifolds with non-orientable base. This case has to the 
authors knowledge not been considered before in the literature. Secondly, our 
calculations are done for arbitrary modular categories, cf. Theorem 4.1. We 
present three different calculations of the RT-invariants of Seifert manifolds 
with different levels of generality. In our first approach we calculate the invari- 
ants of all Seifert manifolds directly from surgery presentations only using the 
theory of RT-invariants of closed oriented 3-manifolds without refering to the 
underlying TQFT. In our second approach we calculate the RT-invariants of all 
Seifert manifolds with orientable base using a rational surgery formula for the 
RT-invariants, Theorem 5.3, derived in this paper. In these two approaches we 
work in the framework of an arbitrary modular category. In our third approach 
we use a formula for the RT-invariants of graph manifolds due to Turaev, see 
[Tu, Theorem X.9. 3.1]. This formula is valid for all modular categories satis- 
fying a special condition called unimodality. As mentioned above the graph 
manifolds include the Seifert manifolds with orientable base. We show that 
Turaev's formula specializes to our formula for the invariants of these Seifert 
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manifolds. 

The rational surgery formula, Theorem 5.3, states how the RT-invariants be- 
have under rational surgeries along framed links in arbitrary closed oriented 
3-manifolds with embedded colored ribbon graphs. This formula generalizes 
the defining formula for the RT-invariants of closed oriented 3-manifolds with 
embedded colored ribbon graphs (which is a surgery formula for surgeries on 
with embedded colored ribbon graphs along framed links). The surgery formula 
has the very same form as the surgery formulas presented in the Chern-Simons 
TQFT of Witten, see [Wi, Sect. 4], [LR], [Roz]. 

In the final part of the paper we analyse more carefully the s/2(C)-case. In the 
general formulas for the RT-invariants of the Seifert manifolds, see Theorem 4.1, 
a certain factor of so-called S- and T-matrices is present. In the sZ2(C)- 
case the S- and T-matrices can be identified (up to normalization) with the 
values of a certain representation TZ of SL{2, Z) in the standard generators of 
SL{2, Z) . This representation has been carefully studied by Jeffrey in [J], where 
an explicit formula for 'R-{A) in terms of the entries of A 6 S'L(2,Z) is given. 
We use this formula to give expressions for the RT-invariants of the Seifert 
manifolds in terms of the Seifert invariants, see Theorem 8.4. Theorem 8.4 
generalizes results in the literature, in particular the formulas for the RT- 
invariants of Seifert manifolds with orientable base given in [Roz]. 

The paper is organized as follows. In Sect. 2 we recall the definition and clas- 
sification of Seifert manifolds [Sel], [Se2]. We also present surgery presenta- 
tions of the Seifert manifolds due to Montesinos [M]. In Sect. 3 we give a 
short introduction to the modular categories. This is a preliminary section in- 
tended to fix notation used throughout in the paper. In Sect. 4 we calculate the 
RT-invariants of all Seifert manifolds directly from surgery presentations. In 
Sect. 5 we derive the rational surgery formula for the RT-invariants of closed 
oriented 3-manifolds with embedded colored ribbon graphs. In Sect. 6 we cal- 
culate the RT invariants of the Seifert manifolds with orientable base using the 
surgery formula. In Sect. 7 we show that Turacv's formula for the RT-invariants 
of graph manifolds specializes to our formula for the RT-invariants of Seifert 
manifolds with orientable base. In Sect. 8 we analyse the s/2(C)-case in greater 
detail. Besides wc have added two appendices, one comparing different normal- 
izations of the RT-invariants used in the literature and one discussing different 
definitions of framed links in arbitrary closed oriented 3-manifolds. 
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2 Seifert manifolds 

Seifert manifolds were invented by H. Seifert in [Sel]. For an english transla- 
tion, see [Se2]. We consider only oriented Seifert manifolds in this section as 
in the rest of the paper. These will be denoted Seifert manifolds (as in the 
introduction) . 

Oriented Seifert manifolds and their classification Let u, jj, be coprime 
integers with > 0, and let p: 5^ ^ i?^ be the rotation by the angle 2'k{v/ ji) 
in the anti-clockwise direction, where C C is the standard oriented unit disk. 
The (oriented) fibered solid torus T{n,v) is the oriented space x [0, 
where R identifies (x, 1) with (/9(x), 0) , a; G , and the orientation is given by 
the orientation of B^ followed by the orientation of [0, 1] . By this identification 
the lines (fibers) {x} x [0, 1] of B^ x [0, 1] , a; € \ {0}, are decomposed into 
classes, such that each class contains exactly n lines, which match together to 
give one fiber of r(/x, v) . The image of {0} x [0, 1] in T(/x, v) is also a fiber, called 
the 'middle fiber'. The pair (^, i^) is an invariant of T{p,^u) if we normalize 
to < < ;U. The following definition is Seifert's definition of a fibered space 
[Sel] adapted to the oriented case. A Seifert manifold is a closed connected and 
oriented -manifold M, which can he decomposed into a collection of disjoint 
simple closed curves, called fibers, such that each fiber H has a neighborhood 
N , called a fiber neighborhood, which is homeomorphic to a fibered solid torus 
T{ii, v) by an orientation and fiber preserving homeomorphism mapping H to 
the middle fiber of T{iJ,, v) . By [Se2, Lemma 2], the numbers /i, v are invariants 
of the fiber H , called the (oriented) fiber invariants of H . If ^ > 1 , we call H an 
exceptional fiber; ii fi = 1 , an ordinary fiber. In a fiber neighborhood of a fiber H 
all fibers except possibly H are ordinary fibers, so there are only finitely many 
(possibly zero) exceptional fibers in a Seifert manifold. For a Seifert manifold 
M , the base is the quotient space of M obtained by identifying each fiber to a 
point. The base is a closed connected surface, orientable or non-orientable. The 
genus of the non-orientable #^MP^ is g . Two Seifert manifolds are equivalent if 
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there is a fiber and orientation preserving homeomorphism between them. We 
have the following classification result due to Seifert. 

Theorem 2.1 [Sel] An equivalence class of Seifert manifolds is determined 
by a system of invariants 

{e;g\b;{ai,l3i),... ,{ar,Pr))- 

Here e = o if the base is orientable and e = n if not, and the non-negative integer 
g is the genus of the base. Moreover, r > is the number of exceptional fibers, 

and {ai,(3i) are the (oriented) Seifert invariants of the i'th exceptional fiber. 
The invariant b can take any value in Z ( — 6 is the Euler number of the locally 
trivial -bundle {e;g\b)). 

An oriented Seifert manifold M belonging to the class determined by the invari- 
ants (e; g \ b; {ai,Pi), . . . , (ar, Pr)) belongs after reversing its orientation to the 
class determined by the invariants {€;g\ —r — b;{ai,ai — Pi),... , (a^ , — /3r ) ) ; 
e = o, n. 

The Seifert invariants (ai, (3i) of the z'th exceptional fiber are the unique 
integers such that = /Xj, f3ii'i = 1 (mod fn) and < /3j < Oj, where 
liijfi are the fiber invariants of that fiber. One can obtain {e;g\b) from 
(e; g \ b; (ai, . . . , (a^, /?r)) by cutting out fiber neighborhoods of the excep- 
tional fibers and gluing in ordinary solid tori (i.e. r(l,0)'s) by certain fiber 
preserving homeomorphisms, see [Se2, Sect. 7], [M, Sect. 4.2] for details. The 
Seifert Euler number oi the Seifert fibration (e; g \ b; (ai, . . . , (a,., /Jj.)) is the 
rational number e = — ^6 + Yl^j=i Pj/^j^ ■ (The reason for the choice of sign 
of e is the following. Let e G {o, n} and let X be a closed surface of genus 
g, orientable if e = o and non-orientable if e = n. Then {e;g\ — x{^)) is 
the unit tangent bundle of X, where x(X) is the Euler characteristic of X. 
More generally, (e; g\b) is a locally trivial S"^ -bundle over the surface X . The 
number —6 is the Euler number of this bundle and is an obstruction to the 
existence of a section of {e;g \ b), see [M, Chap. 1]. The Seifert Euler number is 
a natural generalization of —b when extending the above notions to orbifolds, 
see [T], [Sc], [M].) 

Surgery presentations Any closed connected oriented 3-manifold can be 
obtained by Dehn-surgery on S^ along a labelled link, the labels being the 
rational surgery coefficients, cf. [Lil], [Wa]. We use the standard convention for 
surgery coefficients, see e.g. [Rol, Chap. 9], [Ro2]. In particular integer labelled 
links in S'^ can be identified with framed links with the framing indexes equal 
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Figure 1: Surgery presentation of (o; g \ b; (ai, /3i), . . . , (a„, Pn)) 

to the labels. If M is a 3-manifold given by surgery on along a labelled link 
L we call L a surgery presentation of M . According to [M, Fig. 12 p. 146], the 
manifold (e; g \ b; (ai, /3i), . . . , (an, Pn)) has a surgery presentation as shown in 
Fig. 1 if e = o and as shown in Fig. 2 if e = n. The g indicate g repetitions. 




Figure 2: Surgery presentation of (n; g \ b; (ai, /3i), . . . , (a„, /?„)) 

Non-normalized Seifert invariants The so-called non-normalized Seifert 
invariants, see [Ne], [JN] or [NR], are sometimes more convenient to use in 
specific calculations. Let {aj,(3j) be a pair of coprime integers with aj > 0, 
j = 1,2, .. . ,n. Then the Seifert manifold with non- normalized Seifert invari- 
ants {e; g; {ai , Pi) , . . . ,(q;„,/3„)} is given by a surgery presentation as shown 
in Fig. 1 with & = if e = o and as shown in Fig. 2 with 6 = if e = n. 
It follows that these non- normalized invariants are not unique. In fact, by 
[JN, Theorem 1.5 and Theorem 1.8], the sets {e;g; . . . , (an^Pn)} and 
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{e'; g'; {a'l, f3'i), . . . ,{a'^,f3!^)} are two pairs of non-normalized Seifert invari- 
ants of the same Seifert manifold M if and only ii e = e' , g = g' (triv- 
ial), XlILi = ^]LiPj/<^'j^ and disregarding any Pi/ai and Pj/ce'j which 
are integers, the remaining /3j/aj (mod 1) are a permutation of the remain- 
ing (mod 1). It follows that any Seifert manifold M has a unique set 
of non-normalized Seifert invariants (up to permutation of the indicis) of the 
form {e;5(; (l,/3o), (ai,/3i), • • • ,(ar,/3r)} with < /3j < Oj, i = 1, . . . , r, so 
M = {e;g\ /3o; (ai,/3i), . . . , {ar,/3r)) in the terminology of Theorem 2.1. This 
implies that the Seifert Euler number of a Seifert manifold with non-normalized 
Seifert invariants {e; g; {ai, ^i), . . . ,(«„,/?„)} is given by -I]"=i A/aj- 

Remark 2.2 [JN] operates with a generalization of oriented Seifert fibra- 
tions in which the pairs {aj,Pj) are allowed to be equal to (0, ±1). How- 
ever, up to an orientation preserving homeomorphism, these generalized fibra- 
tions arc Seifert manifolds as defined above or connected sums of the form 
#i=i{S^ X S^)##'l^^L{pi,qi), cf. [JN, Theorem 5.1]. Since the RT-invariants 
behave nicely with respect to connected sums and since the lens spaces are 
(ordinary) Seifert manifolds, see the proof of Corollary 4.4, we will continue by 
only considering the Seifert manifolds in Theorem 2.1. 

3 Modular categories and 3— manifold invariants 

This is a preliminary section in which we recall concepts and notation from 
[Tu] used throughout in this paper. All monoidal categories in the following 
are assumed strict. 

Ribbon categories and invariants of colored ribbon graphs A ribbon 

category V is a monoidal category with a braiding c and a twist 9 and with a 
duality {*,b,d) compatible with these structures. In V one has a well-defined 
trace tr = try of morphisms and thereby a well-defined dimension dim = 
dimy of objects. These take values in the commutative semigroup K = Ky = 
Endv(II), where I is the unit object (the multiplication being given by the 
composition of morphisms). 

By a (V-) colored ribbon graph we mean a ribbon graph O with an object of V 
attached to each band and annulus of and with a compatible morphism of 
V attached to each coupon of Vl. We let F = Fy be the operator invariant of 
V-colored ribbon graphs in M? of Reshetikhin and Turaev, see [RTl], [RT2], 
[Tu, Chap. I]. 
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We use the graphical calculus for morphisms of the ribbon category V, see 
[Tu, Sect. 1.1.6], [Ka, Chap. XIV]. In this calculus one represents a morphism 
/ of V by a colored ribbon graph Q mapped by to / if such a ribbon 
graph exists. We then write Q = f. We present ribbon graphs in figures 
according to the usual rules, cf. [Tu, Chap. I]. In particular we draw only the 
oriented cores of the annuli and bands, and we are careful to drawing all loops 
corresponding to twists in the ribbons. Analogous to the framing numbers in 
figures showing framed links we will sometimes indicate a certain number of 
twists in an annulus component of a ribbon graph by an integer instead of 
drawing the loops corresponding to these twists. In figures showing colored 
ribbon graphs these numbers will be put into parentheses to distinguish them 
from colors. 

Modular categories A monoidal Ab~category is a monoidal category with 

all morphism sets equipped with an additive abclian group structure making 
the composition and tensor product bilinear (cf. [Ma]; Ab-categories are also 
called pre-abelian categories). 

Let V be a ribbon Ab-category, i.e. a ribbon category such that the underlying 
monoidal category is a monoidal Ab-category. In particular, the semigroup 
K = Ky is a commutative unital ring, called the ground ring of V . For any pair 
of objects V, W of V , the abelian group Homv(I^, M^) acquires the structure 
of a left K-module hy kf = k f , k G K, f G Homv(V^, V^), which makes 
composition and the tensor product of morphisms K-bilinear. An object V of 
V is called simple if k kidy is a bijection K Endv(F). In particular the 
unit object I is simple. An object F of V is dominated by a family 
if there exists a finite set of morphisms {/,. : Vj^^) V, dr- V ^ ^(r)}r with 
i{r) G / such that idy = fr9r- 

A modular category is a tuple (V,{Vi}ig/), where V is a ribbon Ab-category 
and {Vi}i^i is a finite set of simple objects closed under duals (i.e. for any 
i G I there exists i* e I such that Vi* is isomorphic to the dual of Vi) and 
dominating all objects of V, such that Vq = I for a distinguished element G /, 
and such that the so-called S* -matrix S = is invertible over K . Here 

Si J = tr {cvj,v^ ° ^Viyj) invariant of the standard Hopf link with framing 

and with one component colored by Vi and the other colored by Vj . The 
invertibility of S implies that i i— > is an involution in /. 

Since Vi is a, simple object, : — > is equal to Viidy^ for a t;^ G K, 

1 G I . The T-matrix T = {Tij).j^j is given by Tjj = SijVi, where 5i_j is the 
Kronecker delta equal to 1 if i = j and to otherwise. In Fig. 3 we give a 
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graphical description of the entries of the S- and T-matrices. In this and other 
figures we indicate the object Vi hy i. Moreover, we put dim(i) = dim(Vi), 
i & I. We have used the identity F{Cl) = tr(F(i})), where is the closure of 
a colored ribbon graph cf. [Tu, Corollary 1.2.7.2]. 



= vAdv. , 



= (dim(j)) ^Skjidv, 



Figure 3 

A rank of the modular category (V, {Vijjg/) is an element V = Vy G K such 
that = Yli£i (dim(i))^. A modular category does not need to have a rank, 
but, as pointed out in [Tu, p. 76], we can always formally change V to a modular 
category with the same objects as V and with a rank. We let A = Ay = 
X^ie/^i^^ (dim(i))^. For a modular category with a rank V we have 

S^ = V^J (1) 

by [Tu, Formula (II. 3. 8. a)], where Jij = 6i*j, i,j G /. 

The RT— invariants of 3— manifolds We identify as usual an oriented framed 
link in 6*'^ = U {oo} with a ribbon graph in (actually in M^) consisting 
solely of directed annuli, cf. [RT2], [Tu]. If L is a framed link in and 
is the closed 4-ball, oriented as the unit ball in C^, then we get a smooth 
closed connected oriented 4-manifold Wl by adding 2 -handles to B'^ along 
the components of L in S"^ = dB^ using the framing of L, see [Ki]. The 
manifold M = Ml = dWi, oriented using the 'outward first' convention for 
boundaries, is the result of surgery on along L. Let U he a colored ribbon 
graph inside M and let r(L, A) be the colored ribbon graph obtained by fixing 
an orientation in L and coloring the i 'th component of L by Vx(Li) ■ The 
RT-invariant of the pair (M, il) based on (V, {V^jig/, P) is given by 

r(v,p)(M,Q) = A'"(^)p-'^(-^)-"*-i (2) 

^ E (ndim(A(L,))jF(r(L,A)UQ), 

Aecol(L) \i=l / 

cf. [Tu, p. 82], where, as usual, we identify 0, with a colored ribbon graph in 
\ L. Here m is the number of components of L, cr{L) is the signature of 
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Wl, i.e. the signature of the intersection form on i?2(WL;M), and col(L) is the 
set of mappings from the set of components of L to /. The signature cr{L) is 
also equal to the signature of the linking matrix of L. 

The mirror of a modular category The mirror of a modular category 

(V, {Vi}i^i) is a ribbon Ab-category V with the same underlying monoidal Ab- 
category and the same duality as V . If ^ and c are the twist and braiding of V , 
then the twist 9 and braiding c of V are defined by Oy = {Gv)~^ and cv,w = 
{cw,v)~'^ for any objects V, W of V, cf. [Tu, Sect. 1.1.4]. By [Tu, Exercise 
II. 1.9. 2], (V, {Vi}ie/) is a modular category with S'-matrix S = {Si*j)^j^j, 
where S = {Sij)-j^j is the S* -matrix of V. Note that P is a rank of V if and 
only if I? is a rank of V , since the dimensions of any object of V with respect 
to V and V are equal, cf. [Tu, Corollary 1.2.8.5]. By [Tu, Formula (II.2.4.a)] 
we have 

AvA^ = V\ (3) 



We end this section by recalling the notion of a unimodal modular category also 
called a unimodular category, cf. [Tu, Sect. VI. 2]. Moreover we give two small 
lemmas needed in the calculations of the RT-invariants of Seifert manifolds 
with non-oricntablc base. 

Let (V,{Vi}igj) be a modular category. An clement i G / is called self-dual 
if i = i*. For such an element we have a X-module isomorphism IIomv(F (S) 
V,l) = K , V = Vi. The map x ^ x(idy (g) Ov)cv,v is a K-module endomor- 
phism of Homv(V^ (gi y, I), so is a multiplication by a certain Si ^ K . By the 
definition of the braiding and twist we have (ei)^ = 1. In particular Ei G {±1} 
if ivT is a field. The modular category (V, {Vi}i^i) is called unimodal if = 1 
for every self-dual i ^ I . By copying a part of the proof of [Tu, Lemma VI.2.2] 
we get: 

Lemma 3.1 Let (V, {Vi}i^i) he a modular category and let i ^ I he self-dual. 
Moreover, let V = Vi and let Si e K be as above. Then 

dv{u} 'Si idv) = Sidy {idy ^ uj) (4) 

for any isomorphism ui: V ^ V* , where dy is the operator invariant Fy of 
the left-oriented cap ^ colored with V . □ 

Let (A, R, V, {Vi}i^i) be a modular Hopf algebra over a commutative unital ring 
K , cf. [Tu, Chap. XI]. If we write the universal i? -matrix as i? = ^ • aj Pj G 
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A^'^ , the element u is given hy u = s{(5j)aj G A, where s is the antipode of 
the underlying Hopf algebra. Let (V, {VJjjg/) be the modular category induced 
by {A,R,v,{Vi]ia), cf. [Tu, Chap. XI]. 

Lemma 3.2 Let i e I be self-dual, let V = Vi and let ei G i^v = K be as 
above. For any isomorphism u: V ^V* , the composition 

V — =^ V* ^ V** > V 

is given by multiplication with Siuv, where is the canonical K -module 
isomorphism between the Gnitely generated projective K -module V and its 
double dual V** . 

Proof Since V is a ribbon category, we have a canonical A-module isomor- 
phism ay : F — V** given by 

av = {dy (g) idy**)(idy (g) by*), 

cf. [Tu, Corollary L2.6.1]. Let Q: V ^ V he multiplication by uv. Then 
av = G-^ oQ. To see this, write V*(l) =T.k9k®9^ e V* ® V** . This 
element is characterized by the following property: For any x G , y G V** 
we have 

= l^y(5fe)/(x)• 
ifc 

Now let x G F and get 

avix) = ^ dy{x ® gk) ^ 

k 

By using that dy = dycyy* {9v <^ idy*) we get 

av{x) = gk{uv ■ x)g^ G V*\ 
k 

If X G F* we therefore have 

Oiv{x){x) = J2 Sk{uv ■ x)g\x) = G'^ o Q(ar)(x). 
k 

If / : U ^ W is a morphism in V , then the dual morphism /* : W* U* is 
given by /* = {dw ® id[/* ) {idw* <8) / (8> idu* ) (id^^. 0bu)- By using the graphical 
calculus together with (4) one immediately gets that (w"^)* 00; = eiay ■ □ 
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4 The Reshetikhin-Turaev invariants of Seifert man- 
ifolds 

In this section we calculate the RT-invariants of all oriented Seifert manifolds. 
Throughout, (V, {Vi}i^i) is a fixed modular category with a fixed rank V. We 
let F = Fy, A = Av, K = Ky, and r = r(v,p). 

Notation For the next theorem and for later use we introduce some notation. 
Let y{i,j) £ K he the scalar such that F(Tij) = y{i, j)idy. , where Tij is the 
colored ribbon tangle in Fig. 4. That is, y{i,j) = (dim(j))~^tr(F(rij)) . We 
put 

'^O') = X]dim(i)?/(z, j), j G I. (5) 
iei 

For every self-dual element i e I, let Si e K he as in the last part of Sect. 3. 




Figure 4 

The group SL{2, Z) is generated by two matrices 
For a tuple of integers C = (ai, . . . , a„) we let 

5fc = (^| ^1 ) =e«'=se"'=-is...e«is, k = i,2,...,n (7) 



Algebraic & Geometric Topology, Volume 1 (2001) 



640 



S0ren Kold Hansen 



and let = B^. Moreover, we put 

qC ^ j^an grpar^-i ^ . . . gj^a^ g_ 

A continued fraction expansion 

P _ 1 ^ 

~ — (^n 1 ) (^i t ^1 

Q ^ 

Qn-l Y 

ai 

p,q E not both equal to zero, is abbreviated (a i, . . . , a„) . Given pairs {aj, Pj) 

of coprime integers we let Cj = {a^^ , ag'^ , • • • , Om] ) be a continued fraction 
expansion of oij/ f3j , j = 1,2, . . . ,n. 

Theorem 4.1 The RT-invariant t of M = (o; g \ b; (qi, . . . , {an,Pn)) is 

t{M) = (AD-1)^°d2»-2-S?=i J2 ""J^ dim(j)2-"-2ff [ f[(5G^')j,o ) , (9) 

jei \i=i J 

where 

c7o = sign(e) + ^^sign(Q;^'/3^'). (10) 

j=i 1=1 

Here e = — (^b + Yl^=i ^) Seifert Euler number. 

The RT-invariant r of the Seifert manifold M with non-normaUzed Seifert 
invariants {o; g; {ai, Pi), . . . is given by the same expression with 

the exceptions, that the factor vj^ has to be removed and e = — Yl^=i ^ • 

The RT-invariant r of M = {n;g\b; (ai, . . . , (q;„, /?„)) is 

t{M) = (AP-^)'^°P»-2-^?=i'"^- (11) 

xE(^^)''^^-,^-^7'dim(jf — ^ [\{{SG%A , 
jei \i=i ) 

where 5j^k is the Kronecker delta equal to 1 if j = k and to otherwise, and 

n 'inj 

j=i 1=1 



The RT-invariant r of the Seifert manifold M with non-normalized Seifert 
invariants {n; g; {ai, (3i), . . . ,(a„,/3„)} is given by the same expression with 
the exception, that the factor vj^ has to be removed. 
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The theorem is also vahd in case n = 0. In this case one just has to put aU 
sums equal to zero and all products HiLi ^qual to 1 . Note that e j = 1 

if g is even and e| = ej if g is odd since = 1 . 

Preliminaries Before giving the proof of Theorem 4.1 we make some prelim- 
inary remarks. 

1) Let C = (ai, . . . , a„) G and consider the matrices in (7). By [J, Proposi- 
tion 2.5] we have that (ai, . . . , a^) is a continued fraction expansion of a'^/P^ , 
A; = 1, 2, . . . , n, and that = a^-i ' ^ = 2, 3, . . . , n. Note that = ai and 
/?f = 1. 




Figure 5 

2) Two labelled links in are (surgery) equivalent if surgeries on along 
these labelled links result in 3-manifolds which are isomorphic as oriented 3- 
manifolds. Correspondingly we talk about equivalent surgery presentations. 
We have the following well-known fact [Rol, p. 273]: Let (ai,... ,a„) be a 
continued fraction expansion of p/q G Q and let L be a labelled link with a 
component Lj with surgery coefficient p/q. Then this link is surgery equivalent 
to a link obtained from L by changing the surgery coefficient of Lj to a„ and 
shackling Li with an integer labelled Hopf chain with n — 1 components with 
labels ai, . . . , o„_i as shown in Fig. 5. For a proof of this, simply use standard 
surgery modifications, cf. [Rol, Sect. 9.H], [Ro2]. (Begin by unknotting Lj 
in the presentation in the right-hand side of Fig. 5 and get rid of the Hopf 
chain, see the proof of [PS, Proposition 17.3]. Finally recover the original Li 
by knotting.) Alternatively, see [KM2, Appendix]. 

3) The identity in Fig. 6 is due to Turaev, cf. [Tu, Exercise IL3.10.2]. For the 
sake of completeness we give a proof of it here. 

Proof of the identity in Fig. 6 The axiom of domination for a modular 
category, see Sect. 3, implies that we for arbitrary can write the identity 
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dim(i) Efce/ dim(fc) ^ , - 

j 



Figure 6 



Figure 7 



endomorphism oiVj^V* as a finite sum 



where fi : ^ Vj and gi: ® V^* — > V^(i) are certain morphisms. By 

this we get the identity in Fig. 7. According to [Tu, Lemma II.3.2.3] we have 

dim(A;) = d^^dk, where the elements di G K , i G I , are defined by (50), cf. [Tu, 
p. 87]. By using this and [Tu, Lemma IL3.2.2 (i)] we get the identity shown in 
Fig. 8, where x = Y^usi dudimiu) . Since V* ^ Vi* and Hom(I,yj (g) Vi*) = 
unless i = j, cf. [Tu, Lemma IL3.5], we get the result for i ^ j. Assume 
i = j. By [Tu, Lemma IL3.5], the -module Horn (I, V*) is generated 
by , where b is part of the duality of the modular category. Similarly, 
Hom(Vi ® V*,I) is generated by dy. , where dy.: ® V* ^ I is the operator 
invariant of the left-oriented cap ^^^ colored with Vi. We can therefore write 
id 



we get 



/f + T,i:i{i)^o fi9l 5 where / = a6y. and g = a'dy. , a,a' e K. By this 



d 



bvi = dyMv,(sv;bv, = aa{dyfiv,f, 



since Hom(V^,ys) = for any distinct r,s & I, cf. [Tu, Lemma ILl.S]. Since 
dybvi = dim(i) we get aa' = (dim(z))~^. Combining this with the identity in 
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Fig. 8 and the fact that xdg^ = V'^ , cf. [Tu, p. 89], finally brings us to the 
identity in Fig. 6. □ 



The above proof does not use the existence of a rank. In case we don't have a 
rank, the identity in Fig. 6 is still valid if we replace V'^ by X^^g/ (dim(M))^. 
One should also note that the orientation of the annulus component with color 
k does not play any role. This follows by the usual argument since we sum over 
all colors k. 



Efee/dim(fc) 



fl 







91 



Figure 8 



Proof of Theorem 4.1 Let M = {o; g\b; {ai, Pi), . . . ,(a„,/3„)) and let L 
be the link obtained from the link in Fig. 1 by replacing the component with 



surgery coefficient aj/Pj by a chain according to Cj as in Fig. 5, j = 1, 



,n. 



Note that L has m 
in Fig. 3 we have 



2g + l + El 



components. By (2) and the identities 



jei \i=i ) 

X ^ I ]Jdim(uOdim(nO j F(r(j,«i,ni,... ,Ug,ng)), 

til,... ,Ug,ni,... ,nge/ \l=\ / 

where r(j, ui, ni, . . . ,Ug,ng) is the colored ribbon graph shown in Fig. 9. If 
^ = we have to replace the sum J2ui u ni n <=i by vj'^ dim{j) here and 
can go directly to the calculation of (t{L) . Assume g > 0. By using the identity 
in Fig. 6 with the component colored with Uj in Fig. 9 equal to the component 
colored with k in Fig. 6, j = 1, 2, . . . ,g, we get 
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^ ( ]Jdim(u;)dim(n/) j F(r(j,ui,ni,... ,Ug,ng)) 

ui,... ,Ug,ni,... ,ng&I \l=l / 

= p23 ^ F{T{j,nu... ,ng)), 

ni,... jUgEl 

where T{j,ni,... ,ng) is the colored ribbon tangle shown in Fig. 10. The 
expression (9) now follows by the fact that cr{L) = Gq, see below, and by 

J2 -^(r(j>i,--- ,ng)) 

ni,... ,ngel 

= ^7' E ( n Sn„jSn*,j dim(j)-' ) dim(j) = dim{j)'-'^v.'v'^, 
n\,...,ng&I \l=l / 

where the first equality follows by the identities in Fig. 3 and the last equality 
follows by (1) and the facts that S is symmetric and satisfies Sjj = Si*j*, 
i,j el, cf. [Tu, Formula (II.3.3.a)]. 




Figure 9: Oriented colored surgery presentation of (o; g \ h) 
Let us show that cf{L) = Gq- To this end let us use the notation 



A{xi,X2., ... ,Xk) 



1 


Xl 


1 





• 


\ 




1 




1 


• 









1 


X3 ■ 


■ 




V 








• 




J 



(13) 
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Figure 10: The colored ribbon tangle T{j, m, . . . , Ug) 



SO A{xi,X2, ■ ■ ■ ,Xk)ij is Xi a i = j , 1 if |i — j| = 1, and elsewhere, i,j G 
{1, 2, . . . ,k}. The linking matrix of L is given by 



refer to the first 2g rows and columns and 



A 



where the zeroes 



A = 



I 



\ 



ei ei 

Ai 

^2 





Here Aa 



Aj) Jj) 



-15 • • • 5 "l ; 






An J 



(14) 



i.e. the linking matrix of the j 'th chain, 



A{a^r. 

and ei = (1,0, ••• ,0). We write for a vector w considered as a column 
vector. We will calculate the signature of A by reducing A using combined 
row and column operations. A main problem is to avoid dividing by zero. Let 
us consider Ai . Write rn = rrii , = a^"^^ , Pi = a^^ , and qi = (3f^ to shorten 
notation. Assume first that pi ^ for all i = 1, 2, . . . , m (or equivalcntly that 
grj 7^ for all i = 1, 2, . . . , m since qi = 1, Pm = ±«i / 0, and qi = Pi-i, 
i = 2,3,... ,m). Since (ai,a2,... ,ai) is a continued fraction expansion of 
Pi/Qi ) ^ = 1, 2, . . . , m, we can reduce A to 

/ -b 



A' 



_ qrn 

Pm 





ei • 


• ei 


\ 





A[ 


• 


• 




e\ 





A2 ■ 


• 




e\ 





• 


An 


J 



(15) 
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where A[ = diag{pm/qm,Pm-i/qm-i, ■ ■ ■ ,Pi/qi)- 



Next assume that pi = for at least one i G {1,2,... ,m}. Let k be the 
smallest element in {1,2,... ,m} such that Pk = 0. Choose a non-negative 
integer I such that a^+i = ak+2 = • • • = ak+i = and ak+i+i ^0 or k + l = m. 
Let us first consider the case k + I < m and let a = ak+i+i ■ If /c > 1 we 
reduce ^ to a matrix A' which is equal to A, except that Ai is changed 

to A[ = ^ ^, where D = d\&g{pk-i/qk-i,Pk-2/qk-2, ■ ■ ■ ,Pi/qi) and 

C = A{am, Qm-i, . . . , ak+i+2, a, 0, . . . , 0) . If fc = 1 , let ^' = ^ and A[ = Ai . 
Next reduce A' to a matrix A" equal to A' , except that A[ is changed to 



A'i= , (16) 



/ 


E 


•• 


• 


\ 







G ■■ 


• 










•• 


• G 





V 





•• 


■ 


D J 



Pk = we have that B,^ 



^ = ±E@'^ for a d G Z, so B[ 



fc+i 



where G = diag(2, —1/2) , and where E = A{am, ctm-i, ■ ■ ■ , cik+l+2, cl-, 0) if I is 
even and E = A{am,am-iT ■ ■ ,0'k+l+2,0') if 1 is odd. (The row and column 
with D is not present if = 1. Note that ^" = if / = 0.) Assume 
that k + I + 1 = m. Then, if I is even, we reduce A" futher to a matrix 
equal to the right-hand side of (15) with A'^ replaced by a matrix A'l' equal 
to A'l with E replaced by diag(a, — 1/a) . If I is odd we let A'l' = A'(. Since 



1 d 

_j_;^«+iQrf^ i = 1,2,... ,1. Since = —1 we therefore have gr^+j = for i 
odd and Pk+i = for z even, i E {0,1, . . . ,1} . In particular = pk+i = 
for / even. For I odd we have Pm/qm = o- From this we also see that the 
signature of A'l' is equal to ^"Li sign(pjqj) . If A: -|- / -|- 1 < m we continue 
the diagonalization by reducing E in the same manner as we have reduced Ai 
above. If I is odd, pk+i+i / qk+i+i — ^ the lower right block in A'(, i.e. 
diag(G, . . . ,G,D), has signature X^^i' sign(pjq'j) . If I is even, pk+i = and 
therefore qk+i+i = and pk+1+2/ qk+l+2 = ak+l+2- In this case wc begin by 

( E' 

reducing A" to a matrix equal to A" with E replaced by 



F 



in A'l, 



where E' = A{am,am-i-, ■ ■ ■ idk+w) and F = diag(a, — 1/a) . Note that the 
lower right block in the reduced A'l , i.e. diag(F, G, . . . ,G,D), has signature 

The only case left to consider is when k + I = m. In this case B'^^ = B^ = 
zbS'+^G'^, so I is odd since Pm = ±ai / 0. But then /3i = ^qm = 0, 
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so this case is only relevant in case of non-normalized Seifert invariants. For 
letting the above calculation also work in this case, let us assume for the moment 
that k + I = m and / is odd. We then reduce ^ to a matrix H equal to A, 
except that Ai is replaced by a matrix Hi equal to the right-hand side of (16) 
with E replaced by J = ^(0, 0) . Finally, we reduce H to a matrix equal to 
the right-hand side of (15) with A'^ replaced by a matrix H2 equal to Hi with 
J replaced by G. Note that the signature of H2 is equal to X^Jli sign(pjgj) . 

This ends the reduction involving Ai . We can now continue as above reducing 
the parts in A involving Aj , j = 2,3, . . . ,n, and get the result. 

The RT-invariant r of the Seifert manifold with non-normalized Seifert invari- 
ants {o; g; (ai, (3i), . . . ,(q:„,/3„)} is calculated as above by letting b be equal 
to zero everywhere, since this manifold has a surgery presentation as in Fig. 1 
with —b changed to 0. 

{-b-2g) 




Figure 11: Oriented colored surgery presentation of (n; g \ h) 

Next let us calculate r(M) for M = {ri;g\b; (cci, /3i), . . . , (q:„, /?„)) . To obtain 
a surgery presentation of M with only integral surgery coefficients we make 
two left-handed twists about every component with surgery coefficient 1/2 in 
the surgery presentation in Fig. 2. The components with surgery coefficients 
oij/(3j are replaced by chains according to the continued fraction expansions 
Cj , j = 1, . . . ,n, as before. Fig. 11 shows a colored oriented version of the new 
surgery diagram in the case where there are no exceptional fibers. The coupons 
Tjjj represent colored ribbon tangles shown in Fig. 4. The resulting framed link 
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L has m = g + 1 + J21=i "^j components. By (2) and the identities in Fig. 3 



we have 



r(M) = A'^(-^)p-'^W-"*-i^dimOy-" ( ]J(5G^0j,o 



\i=l 



ii,...,ig&I \l=l / 

where R{j,ii, . . . ,ig) is the colored ribbon graph in Fig. 11. The expression 
(11) now follows by the fact that cr(L) = an, see below, and by Lemma 4.2 
together with the identity 

J2 (ndim(iO J F{R{j,iu... ,ig))=vf-''dimij)n{jy, 
ii,...,ig&I \l=l / 

which follows by combining Figures 3 and 4. 
Let us show that cr(L) = a^. The linking matrix of L is given by 
/O 0000\ 



A 



w 



V 



w"^ 
-b-2g ei ei 
Ai 



^1 



'1 



Ao 







ei 



An J 



where w 



2, —2, .... —2) is a vector of length g and Aj is given as in the 



case of oriented base, i.e. Aj = A(a^;l^. , . . . ), see (13). By doing the 

same combined row and column operations as in the case of oriented base we 
reduce A to 



A' 



f D 

a; 





V 







A' 







\ 





K) 



where A'- is a diagonal matrix with signature ^^'j!;^ sign(Q^^7?^^ ) , j = 1, . . . , n, 


w e — 2g 

Scifcrt Eulcr number. By this and the fact that the signature of D is zero it 
follows that a{L) is equal to in (12). 



and D 



^ , where, as usual, e = — (^b + Y^^^^Pj/aj^ is the 
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The RT-invariant r of the Seifert manifold with non-normahzed Seifert invari- 
ants {n; g; (ai, (3i), . . . ,{an,f3n)} is calculated as above by letting b be equal 
to zero everywhere, since this manifold has a surgery presentation as in Fig. 2 
with —b changed to 0. □ 

The following lemma was first proved by the author in the case, where the 
modular categories are induced by the quantum groups associated to sl2{C). 
This was done by a rather long ii-matrix calculation. After having presented 
the result to V. Turaev, he found the proof below using a geometric computation 
which works for an arbitrary modular category. 

Lemma 4.2 For all j ^ I , 

Proof Let Lij be the closure of the ribbon tangle Tij . We have the isotopy 
shown in Fig. 12. Let loj: Vj (Vj*)* be an isomorphism and use this and 
its inverse to reverse the orientation of one of the two strings passing through 
the component with color i in L'- (the link in the right-hand side of Fig. 12). 
This enables us to use the identity in Fig. 6, which gives us the identity in 
Fig. 13. The result now follows by applying Lemma 3.1 together with F(Lij) = 
ti{F{Tij))=y{i,j)dim{j). □ 




Figure 12: A fundamental isotopy 
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3 



'3 



Figure 13 



It follows that the lemma is also true in case we don't have a rank if one replaces 
T>^ with X^„g7 (dim(n))^. The result in Lemma 4.2 is independent of how we 
direct the component with color i in Tjj . This follows by the usual argument 
since we sum over all colors i. If we reverse the direction of the component 
with color j we get ^(j*) instead of K{j), since the operator invariant F of 
a colored ribbon graph is unchanged by changing the direction of an annulus 
component if one at the same time changes the color of that component to the 
dual color. Observe however that = K{j) since j** = j . 



Remark 4.3 In this remark we give some alternative expressions for the sig- 
natures (10) and (12). Similar formulas have been obtained in [FG] and [J] for 

the case g = (so e = o) in connection with calculations of framing corrections 
of Witten's 3-manifold invariants of lens spaces and other Seifert manifolds 
with base . To this end we use the Rademacher Phi function which is 
defined on PSL{2,Z) = SL(2,Z)/{±1} by 



p r 
q s 



2±^-12(sign(g))s(s,M) ,q^0 
^ ,9 = 0. 



Here, for g > 0, the Dedekind sum s{s,q) is given by 



1 



q-l 



i(s, q) = — > cot — cot 

4g^^ g q 



(17) 



(18) 



for q > 1 and s(,s, 1) = 0, s £ Z. We refer to [RG] for a comprehensive 
description of this function and also to [KM2] for a detailed account of the 
presence of the Rademacher Phi function and the related Dedekind sums in 
topological settings. By [J, Formula (2.20)] we have 



m— 1 



(19) 
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for any sequence of integers C = (ai, . . . ,0^). Formula (10) can therefore be 
changed to 



where the second sum of course can be put equal to n if we work with normalized 
Seifert invariants (a^ > /?j > 0). We can choose the Cj so that |a; | > 2 for I = 
1,2,... ,mj — 1 and j = 1, 2, . . . , n . In this case we have that sign(Q;^ ^ Pi^) = 
sign(a["'^) , Z = 1, 2, . . . , — 1 and j = 1,2, . . . ,n, so 



The formula (21) generalizes [FG, Formula (2.7)]. The expressions (20) and 
(21) also hold for the signature an in (12) if we remove the term sign(e). 

Wc end this section by specializing to lens spaces. Let p, q be coprime integers. 
The lens space L{p, q) is given by surgery on along the unknot with surgery 
coefficient —p/q. (Recall here that L{p,—q) is diffeomorphic to L{p,q) via an 
orientation reversing diffeomorphism.) From this surgery description we can 
directly calculate the RT-invariants of L{p, q) by using a continued fraction 
expansion of —p/q as in the proof of Theorem 4.1. We choose instead to 
calculate the invariants by identifying L{p,q) with certain Seifert fibrations, 
see the proof below. 

In the following corollary we include the possibilities L(0, 1) = x S'^ and 
L(l, g) = S*^, g G Z. (Of course we immediately get from (2) that r(5^) = 
and t{S^ x S"^) = 1, since S'^ and x S"^ are given by surgeries on along 
the empty framed link and the unknot with framing respectively.) 

Corollary 4.4 Let p,q be a pair of coprime integers and let (ai, . . . , a^-i) 
be a continued fraction expansion of —p/q if q ^ 0. If q = we put m = 3 
and ai = 02 = 0. Then tiie RT-invariant r of the lens space L{p,q) is 




(20) 




(21) 



j=i 1=1 



r(L(p,g)) = (AP-i) 




(22) 



where C = (ai, . . . , a^-i, 0) and 

m—l 





1=1 
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Proof Lens spaces are Seifert manifolds with base S'^ and zero, one or two 
exceptional fibers. In fact, let M be the Seifert manifold with non-normalized 
Seifert invariants {o; 0; (ai, /3i), (a2, /32)} , and let a'l, (3'2 be integers such that 
(^2^2 ~ /?2"2 — ^- -^y [J^' Theorem 4.4], M is isomorphic to L{p,q) as ori- 
ented manifold, where p = q;i/32 + Ci2Pi and q = ai[3'2 + a^fii ■ In particu- 
lar L{p,q) is isomorphic (as oriented manifold) to {o; 0; (jg'l, sign(g)p), (1,0)} = 
{o; 0; {\q\ , sign(g)p)} , see Remark 4.5 i). 11 q = Owe have m = 3 and ai = 02 = 
by assumption, so by (1) the right-hand side of (22) is equal to T>~^ as it should 
be. If g 7^ we have 

r(L(p,g)) = (AP-i)-°P— 2j;dim(i)(5G^),-o 

by Theorem 4.1, since C is a continued fraction expansion of q/p (also for 
p = 0). The formula (22) then follows by (1). The formula for ctq follows from 
(10) and (20). □ 

Remark 4.5 i) The manifold {o; 0; (0, ±1)} is a Seifert fibration in the ex- 
tended sense of [JN], see Remark 2.2. [JN, Theorem 4.4] is valid for these more 
general Seifert fibrations. Note also that it follows from this theorem, that a 
given lens space can have several distinct Seifert fibered structures. 

ii) If C is chosen so that \aj\ > 2 for j = 1, . . . , m — 1 (which is possible if 
\p/q\ > 1 by [J, Lemma 3.1]), then = E^"i^ sign(aj) by (21). 

iii) In the special case {p,q) = (n, 1), |n| > 2, the above coincides with the 
result obtained immediately by (2), cf. [Tu, p. 81] (by the conventions used 
here our L(n, 1) is equal to — L(n, 1) in [Tu]). The manifold L(6, 1), 6 G Z, 
is isomorphic (as oriented manifold) to the Seifert manifold with (normalized) 
Seifert invariants (o; | b). 

5 A rational surgery formula for the Reshetikhin— 
Turaev invariant 

In this section, as in the previous, (V, {V^jjg/) is a fixed modular category with 
a fixed rank D. We will use notation introduced above Theorem 4.1. Moreover, 
<I> is the Rademacher function, see (17). 

The surgery formula, we are going to derive, concerns rational surgery along 
framed links in arbitrary closed oriented 3-manifolds. Before giving the result 
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in the general case, let us first consider rational surgery along links in . By 

using the surgery equivalence described in Fig. 5, the identities in Fig. 3, and 
the method used in the proof of Theorem 4.1 to calculate signatures we obtain: 

Theorem 5.1 Let L be a link in with m components and let M be the 

S-naanifold given by surgery on along L with surgery coefRcient Pi/qi G Q 
attached to the i'th component, i = 1,2,... ,m (so we assume qi ^ 0, i = 
1,2, .. . ,m, see the comments to (23)). Moreover, let Q be a colored ribbon 
graph in M {also identified with a colored ribbon graph in \ L). Let Lq 
be L considered as a framed link with all components given the framing 0. 
Finally let Ci = (a^*\ . . . ,ami) be a continued fraction expansion of Pi/qi, 
i = 1, 2, . . . , m. Then 

T{M,n) = (Ap-i)<^+Sfci'=*p-Sfci"^» 

X J2 ^(^^^i^o,A)u^^)(^GJ(^^J, 

Aecol(L) \i=l / 

where Cj = | (Y1^=i a^j^ — ^{B^^)^ , i = 1, . . . ,m, and a is the signature of 
the linking matrix of L (with the surgery coefficients pi/qi, . . . ,Pm/qm on the 
diagonal ). □ 

We have used (19). Note that t{S^,T{Lo,\) U n) = V-'^F(T{Lo, X) U n). 
Theorem 5.1 is a generalization of the defining surgery formula (2). This follows 
by the facts that if a G Z, then $(e"S) = a and {T''S)jfi = v]dim{j). 

In the case of surgery on arbitrary closed oriented 3-manifolds along framed 
links we do not have a preferred framing as above, i.e. we can not identify a 
framing of a link component with an integer in a canonical way, see Appendix 
B. Here, by a framed link in a closed oriented 3-manifold M , we mean a pair 
{L,Q), where Q = U^iQi: 11^^ (B^ x S^) ^ M is an embedding (or more 
precisely an isotopy class of such cmbcddings) and L is the image by Q of 
n^^(0 X S^). For other definitions of framed links in 3-manifolds and how 
these relate to this definition we refer to Appendix B. To establish a surgery 
formula as above in this more general setting we will need the machinery of 
the TQFT of Reshetikhin and Turaev. We have to be precise with orientations 
because the TQFT-calculations are sensitive to these orientations. We will use 
the following conventions. 

Conventions 5.2 The space x is the standard solid torus in with 
the orientation induced by the standard right-handed orientation of M^. Here 
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S is the standard unit circle in the xz-plane with centre and oriented coun- 
terclockwise, i.e., 63 is a positively oriented tangent vector in the tangent space 
^ei'S'^ C M^, a being the i'th standard unit vector in M.^ , see Fig. 14. For a 
framed link (L, Q) as above we will always assume that each copy of x 
is this oriented standard solid torus, and that Q is orientation preserving after 
giving the image of Q the orientation induced by that of Af (wc can always 
obtain this by composing some of the Qi hy g x idgi if necessarily, where 
g: B^ ^ B^ is an orientation reversing homeomorphism). Moreover, we ori- 
ent L so that Qi restricted to x {0} is orientation preserving for each i. 
The oriented meridian a and longitude /3, see Fig. 14, represent a basis (over 
A) of ifi(S(i.);A) = A® A, A = Z,]R, E(i.) = x S"" . (For the notation 
see Sect. 5.1.) We identify elements of Hi{T,(^i.y, A) with 2-columns via 

x[a] +y[P] < > ( r ) ' '^^^ cndomorphisms of Hi{12(^i.y, A) arc identified with 

2x2-matrices with entries in A acting on the 2-columns by multiplication on 
the left. 




Figure 14 



Let us recall the notion of rational surgery on M along {L,Q). Therefore, 
let Ui = Qi{B'^ X S^) and let li = Qi{ei x S^) oriented so that [k] = [Li] in 
H\(Ui\'L) where Li = Qi{^ x S^) . Moreover, let /Ltj = Qi{dB'^ x 1) oriented 
so that (9(5i)*([a]) = [/Xj] in Hi{dUi;Z) , where dQi is the restriction of Qi to 
dB^ X = '^(i-)- Let {piiQi) be pairs of coprime integers, let hi'. dUi — dUi 
be homeomorphisms such that 

{hiUifJii]) = ±{Pi[fii] + qiik]) (23) 

in Hi{dUi]'L) , let h be the union of the hi, and let U = YT^^Ui be the image 
of Q. Then the 3-manifold M' = {M \ int(C/)) U/^ U is said to be the result 
of doing surgery on M along the framed link (L, Q) with surgery coefficients 
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{Pi/Qi}i^i- If Q'i = SO Pi = ±1 we just write oo for Pi/qi. Such surgeries do 
not change the manifold (up to an orientation preserving homeomorphism) . If, 
in (23), Pi = and = ±1 for all i, i.e. all surgery coefficients are 0, then 
we call M' the result of doing surgery on M along the framed link {L,Q). We 
equip M' with the unique orientation extending the orientation in M \ int(J7) . 
The above generalizes ordinary rational surgery along links in , see Appendix 
B. We call a homeomorphism h satisfying (23) an attaching map for the surgery. 
We can and will always choose an orientation preserving attaching map. Up 
to an orientation preserving homeomorphism the result of doing surgery on M 
along the framed link (L, Q) with surgery coefficients {pi/qi}YLi is well defined, 
independent of the choices of representative Q and attaching map h. 

For A G col(L) we let r(L, A) = W^^FiLi, X{Li)) , where r(Lj,j) is the colored 
ribbon graph equal to the directed annulus Qi{{[— 1/2,1/2] x 0) x S^) with 
oriented core and color Vj, j e I. 

Theorem 5.3 Let Ci = {a^i \ ■ ■ ■ ,CLmi) G be a continued fraction expan- 
sion of Pi/qi, i = 1, . . . ,m. Moreover let Q be a colored ribbon graph in M' 
{also identified with a colored ribbon graph in M\L). Then 

T{M',n) = (AX)-^)'*+S^i'^*p-S^i'"' 

(m 

where [i is a sum of signs given by (33) and Cj = | ^X^^i a^*'* — $(B'^')^ , 
i = 1, . . . ,m. 

This theorem obviously generalizes Theorem 5.1. Theorem 5.3 follows by 
Lemma 5.4 and Lemma 5.5 below. To prove these lemmas we use the ma- 
chinery of the 2 + 1 -dimensional TQFT (r, T) of Reshetikhin and Turaev, see 
[Tu, Chap. II and IV]. 

5.1 The TQFT (r,T) 

The modular functor T for the TQFT {t,T) is a functor from parametrized 
decorated surfaces (see below) to the category of finitely generated projective 
-modules. Decorated surfaces will be denoted d-surfaces in the following. We 
begin by recalling the concepts and notation from [Tu] needed. 

A decorated type or just a type is a tuple t = (g; (Wi, ui), . . . , (Wm, Vm)) , where 
g is a non-negative integer, Wi, . . . , Wm are objects of V, and vi, ■ . ■ ,Vm £ 
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{±1}. The number m of pairs {Wj, uj) is allowed to be zero. For a type t as 
above we let 

*t = 0Hom(I,$(i;i)), (24) 

where ^{t;i) = W^^ ^ W^^ ^ . . . ^ ® (S)r=i(^v ® ^j*) for every i = 
(ii, ... ,ig) ^ . Here = W and TF"^ = W* . Note that is a finitely 

generated projective K-module as a finite direct sum of such modules, cf. [Tu, 
Lemma II. 4. 2.1]. 

A connected d- surface is a connected closed oriented surface S of genus g with 
m > distinguished ordered and oriented arcs 71 , . . . , 7m , such that 7^ is 
marked with a pair {Wj,Uj), where Wj is an object of V and Vj G {±1}, 
j = 1, 2, . . . , m. The tuple t(S) = (5; (Wi, z^i), . . . , {Wm-, I'm)) is called the type 
of the d-surface. A non-connected closed oriented surface is said to be decorated 
if its connected components are decorated. A d-homeomorphism of d-surfaces is 
an orientation preserving homeomorphism of the underlying surfaces preserving 
the distinguished arcs together with their orientations, marks, and order (on 
each component). 

For every type t = {g; (Wi, I'l), . . . , {Wm, J^m)) there is a certain standard d- 
surface of type denoted , which is the boundary of an oriented handlebody 
Ut of genus g with a certain partially colored ribbon graph Rt sitting inside, see 
[Tu, Sect. IV.1.2]. In particular, = x is an ordinary oriented torus, 
see Fig. 15. The ribbon graph lies in the interior of U(i.-^ and consists of 
an uncolored coupon with a cap-like uncolored, untwisted, and directed band 
attached to its top base. A non-connected standard d-surface is a disjoint union 
of a finite number of connected standard d-surfaces. 




Figure 15: Projection of the standard handlebody f7(i;) 
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In the proof of Theorem 5.3 we will only need the standard surface . For 

this proof one can therefore ignore everything about the decoration with des- 
tinguished marked arcs. However, in Sect. 6 we will need such decorations. 
To avoid saying things twice, we continue by presenting the concepts using 
arbitrary types. 

A connected parametrized d-surface is a connected d-surface S together with 
a d-homeomorphism Et ^ S called the paramctrization of E, where t = 
is the type of S. A non-connected parametrized d-surface is defined similarly 
by using non-connected standard d-surfaces. A morphism in the category of 
parametrized d-surfaces, denoted a d-morphism, is a d-homeomorphism com- 
muting with the parametrizations. 

For a connected parametrized d-surfacc S of type t we have '7"(E) = ^t- If S 
is a non-connected parametrized d-surfacc with components Si, . . . , then 
T(S) is equal to the non-ordered tensor product of the "^tj , j = ■ ■ ■ where 
tj is the type of Sj. Moreover T(0) = K. The modular functor T assigns the 
identity endomorphism to any d-morphism. By [Tu, Lemma IV. 1.4.1], T is a 
modular functor in the sense of [Tu, Sect. III. 1.2]. 

A decorated 3-manifold is a compact oriented 3-manifoId M with parametrized 
decorated boundary dM and with an embedded colored ribbon graph O , which 
is compatible with the decoration of dM, see [Tu, p. 157]. In this paper we will 
only meet decorated 3-manifolds with empty boundary or boundary equal to 
a torus of type (1; ). In general, if dM contains no distinguished marked arcs, 
then r2 is a colored ribbon graph in the interior of M with all bases of bands 
lying on bases of coupons. A d-homeomorphism of decorated 3-manifolds is an 
orientation preserving homeomorphism of the underlying oriented 3-manifolds 
preserving all additional structure such as the decoration of the boundaries and 
the colored ribbon graphs. Such a d-homeomorphism restricts to a d-morphism 
of the boundaries. 

A decorated 3-cobordism is a triple (M, 5_M, 9+M), where d-M and 9+M 
(denoted the bottom and top base respectively) are parametrized d-surfaces 
and M is a decorated 3-manifold with boundary dM = (—d-M) 11 dj^M . 
Here —N denotes the manifold A'^ with the opposite orientation, where N 
is an oriented manifold. (To be precise — is an involution in the space- 
structure of parametrized d-surfaces, see [Tu, Sect. IV.1.3 and Sect. III. 1.1].) 
A d-homeomorphism of decorated 3-cobordisms is a d-homeomorphism of the 
underlying decorated 3-manifolds which preserves the bases. 

A /C-homomorphism r(M) = T{M,d-M,d+M): T{d-M) ^T{d+M) is con- 
structed in [Tu, Sect. IV. 1.8] making {t,T) a topological quantum field theory 
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(TQFT) based on decorated 3-cobordisms and parametrized d-surfaces in the 
sense of [Tu, Sect. III.1.4], cf. [Tu, Theorem IV.1.9]. If d_M = 0, then r(M) is 
determined by the element t{M){1k) £ T{d+M) , and it is common practise in 
this case to identify r(M) with this element. If M is closed with an embedded 
colored ribbon graph ft, then r(M) is the RT-invariant of the pair {M,Q) 
as defined in (2). The map r is called the operator invariant of decorated 
3-cobordisms. 

5.2 Gluing anomalies in the TQFT (r,T) 

The TQFT (r, T) has so-called (gluing) anomalies, see [Tu, Sect. III. 1.4 and 

Sect. IV. 4]. (There is a way to get rid of these anomalies by changing the TQFT 
sligthly, cf. [Tu, Sect. IV. 9]. However from a computational point of view this 
'killing' of anomalies does not make things easier.) To describe these anomalies 
we need some concepts from the theory of symplectic vector spaces. 

If Hi and i?2 are non-degenerate symplectic vector spaces, then a Lagrangian 
relation between Hi and i?2 is a Lagrangian subspace of {—Hi) © H2. For 
a Lagrangian relation C (—Hi) © H2 we write A'': Hi =^ H2. Let Hi, 
H2 be non-degenerate symplectic vector spaces, and let A(i?j) be the set of 
Lagrangian subspaces of Hi, i = 1,2. A Lagrangian relation TV": Hi =^ H2 
induces two mappings N^: A{Hi) A{H2) and N* : A{H2) A(i7i) given 

by 

A^*(A) = {h2 G iJ2 I 3/11 G A : {hi, h2) e N} 
for A G A{Hi) and 

N*{X) = {hi G i^i I 3/i2 G A : {hi, /ig) G N} 

for A G A.{H2) ■ If /: Hi ^ H2 is a. symplectic isomorphism and Aj G A{Hi), 
z = 1,2, then (iV/)*(Ai) = /(Ai) and (iV/)*(A2) = /~^(A2), where Nf is the 
graph of /. 

For Lagrangian subspaces Ai , A2 , A3 of a symplectic vector space {H, u) , let 
W = {Xi + A2) n A3 and let (. , .) be the bilinear form on W defined by 

{a,b) = u{a2,b) (25) 

for a,b eW with a = ai + a2, ai e Xi. This is a well-defined symmetric form, 
see e.g. [Tu, Sect. IV. 3. 5]. The Maslov index fi{Xi, X2, X3) G Z is the signature 
of this bilinear form. It is invariant under cyclic permutations of the triple 
(Ai, A2, A3) and changes sign if we exchange Aj and Xj , i ^ j ■ 
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If S is a closed oriented surface, the real vector space i7i(S;M) together with 
the intersection pairing 

i7i(S;R) X i?i(S;M) ^ R (26) 

is a non-degenerate symplectic vector space. For S = we let i7i(S;M) = 
0. For a parametrized d-surface S there is a certain Lagrangian subspace 
A(S) C For the standard d-surface T,t of type t, Xt = A(St) is 

the kernel of the inclusion homomorphism Hi(Tit;M) Hi(Ut;]S.). For any 
connected parametrized d-surface S, A(E) = /*(At) where /: — >■ S is the 
parametrization. For a non-connected parametrized d-surface S, A(S) is the 
subspace of ii"i(S;M) generated by the Lagrangian subspaces of the connected 
components. 

For any decorated 3-cobordism (M, d-M, d+M) we have 

Hi{dM;R) = {-Hi{d-M;R)) ® Hi{d+M;R), 

and the kernel of the inclusion homomorphism Hi{dM;M.) — > Hi{M;M.) yields 
a Lagrangian relation Hi{d-M;R) =^ Hi{d+M;R) which is denoted N{M). 
(Note that N{M) does not depend on the parametrizations and marks of d±M 
and the colored ribbon graph in M .) We let A_(M) = \{d-M) and A+(M) = 
\{d+M). 

The anomalies of the TQFT {t,T) are calculated in [Tu, Theorem IV. 4. 3]: 
Let M = M2M1 be a decorated 3-cobordism obtained from decorated 3- 
cobordisms Mi and M2 by gluing along a d-morphism p: d+{Mi) — 5_(M2). 
Set 

Nr = N{Mr): Hi{d-{Mr);R) =^ Hi{d+{Mr);R) 
for r = 1,2. Then 

r(M) = {VA-^)"'t{M2)t{Mi) (27) 

with m = M(p*(A^i)*(A_(Mi)),A_(M2),7V|(A+(M2))). If d-Mi = 5+M2 = 0, 
then 

m = /i(p*(iV(Mi)), A(-5M2), N{M2)), (28) 

a Maslov index for Lagrangian subspaces of Hi{—dM2;R) = —Hi{dM2;R). 
These anomalies do not depend on the colored ribbon graphs inside the dec- 
orated 3-cobordisms. By definition, T{p): T{d+{Mi)) T{d-{M2)) is the 
identity and is therefore left out in (27). 
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5.3 The projective actions of the moduleir groups 

We will need to know how the operator invariant r of decorated 3-cobordisms 
changes when changing the parametrizations of the parametrized boundary 
d-surfaces. To this end we need the projective action of the modular group 
Modj, t a decorated type, cf. [Tu, Sect. IV. 5]. Here Mod^ is the group of 
isotopy classes of d-homcomorphisms ^ S^. For t = (g;), Modj = Mod^ 
is the usual modular group of genus g. In this paper we only consider the 
modular group Modi of genus 1 . The reader can therefore concentrate on this 
case if he/she prefers that. We will however state the following results using 
arbitrary types since it is not any longer. For a decorated type i, let S = 
and let M(id) = (S x [0, 1], S, S) , where S is parametrized by the identity and 
Sx [0, 1] is the standard decorated cylinder over S, cf. [Tu, p. 158]. For t = (1; ) 
this is just an ordinary oriented cylinder cobordism without any ribbon graph 
inside (and without any marked arcs on the boundary tori, but with identity 
parametrizations attached to these tori). For an arbitrary d-homeomorphism 
g: S — S, let M(5) be as the decorated 3-cobordism M(id) except that the 
bottom base is parametrized by g. Let 

e{g)=T{M{g)): ^ 

Then g e{g) is a projective linear action of Modt on T(St) = *t . In fact we 
have 

e{gh) = (DA-^)''('^*(^*)'^*'»*"'(^*))e(5)e(/i), (29) 

cf. [Tu, Formula (IV.5.1.a)]. By the axioms of a TQFT e(id) = id, so e{g-^) = 
{e{g))-' by (29). 

We use the action e to describe the dependency of the operator invariant r on 
the choice of parametrizations of bases. Let (M, d-M, d+M) be a decorated 3- 
cobordism with parametrizations f±: Ej^. d±M . Let g±: Tttj. St^. be d- 
homeomorphisms. Provide d-M and d^M with the structure of parametrized 
d-surfaces via f'_ = f-{g-)-^: ^ 9_M and /; = f+{g+)-^: ^ 
(?_l_M. Denote the resulting parametrized d-surfaces by d'_M and d'^M respec- 
tively. These are the same oriented surfaces as d-M , 9+M with the same (sets 
of totally ordered) distinguished marked arcs but with different parametriza- 
tions. The cobordism M with the newly parametrized bases is a decorated 
3-cobordism, say M', between d-{M') = d'_M and d+{M') = d'^M . By defi- 
nition of the modular functor T we have T {d±M) = T (Sj^) = T {d±M') , and 
by [Tu, Formula (IV.5.3.b)] we have 

T{M'Xg-) = {VA-'r^-f^-eig+MM) : r(S,_) ^ r(S,J, (30) 
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where, with = N{M) = N{M'), 

fi+ = /x(iV*(A_(M)),A+(M),A+(M')), 
/i_ = m(A-(M),A_(M'),7V*(A+(M'))). 

5.4 The proof of Theorem 5.3 

The standard handlebody i7(i.) is a soUd torus with a uncolored ribbon graph 
R(i-) inside consisting of one coupon and one band, see Fig. 15. By coloring the 
band with Vi and the coupon with bi = bvi, i & I , where b is part of the duality 
of V , we get a decorated 3-manifold which is the oriented standard sohd torus 
X with a directed untwisted annulus with oriented core x and color 
Vi- Let Yi be this decorated 3-manifold considered as a decorated 3-cobordism 
between the empty surface and 5J7(i.) = ^(i-), where is parametrized by 
the identity. By [Tu, Lemma IV.2.1.3] we have 

r(KO = b,. (31) 

Let O be a colored ribbon graph in containing an annulus component or 
a band of color I, and let Cl' be the colored ribbon graph obtained from CI 
by eliminating this annulus (resp. band). Then it is a well-known fact that 
F{n') = F{n), cf. [Tu, Exercise L2.9.2]. Now let Y be the decorated 3- 
cobordism (B^ x 5^,0, E^^.)) with the empty ribbon graph inside and with 
parametrized by the identity. Then 

t{Y) = t{Yo) = bo. (32) 

The first equality follows by the just mentioned fact about F together with 
the technique of presenting 3-cobordisms by ribbon graphs in R^, sec [Tu, 
Sect. IV.2] and in particular [Tu, Formula (IV.2.3.a)]. (Alternatively, (32) fol- 
lows directly from the definition of t{Y), cf. [Tu, p. 160].) 

By (24) and the definition of T, 

^(2(1;)) = ^(1;) = Hom(I, Vi C5 Vn 

is a free i^T-module of rank card(/) with basis {bj : I — Vi^V*}i^i (Hom(I, V^® 
V*) ^ Hom(yj, Vi) ^ K since Vi is a simple object). 

Lemma 5.4 Let the situation be as in Theorem 5.3. Let Qi'. ^(i-) ^(i;) 
a homeomorphism such that (gi)* : ifi(S('i.), Z) — > ifi(S('i.), Z) has matrix B^^ 
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with respect to the basis {[a],[P]} , i = 1, . . . ,m. Then 



r{M',n) = {AV-y Yl ^(^'r(L,A)uO) n4(L.),o ' 

AGcol(L) \i=l / 

where A^'^^ = [A^j^]) is the matrix of e{gi): '^(i-) — ^'(i;) with respect to 
the basis {bi}i^i. The integer ji is given by the sum of Maslov indices 

m 

II = Y, KidQiUXii;)), {dQi o 9iUX^,.)),N{Xi)), (33) 
1=1 

where Xi = (Mj_i \int(i7i), dUi, 0) . Here Mi is the manifold obtained by doing 
surgery on M along (llj^iLjjJlj^iQj^ with surgery coefficients {Pj/9j}j=i, 
i = l,2,... ,m, and Mq = M. 

The N(Xi) are here subspaces of the Hi{dUi;M.). The integer /i in (33) does 
not depend on the colored ribbon graph J7 . Moreover is independent of the 
choice of the gi since {gi)*{X(i-)) = Span]R{pj[a] +qi[P]}- 

Proof Let hi : dUi dUi be the orientation preserving homeomorphisms 
determined by the commutative diagrams 



gi 



hi 



The disjoint union h of the hi is an attaching map for the surgery considered 
in Theorem 5.3. According to the axioms for a TQFT (actually a cobordism 
theory), see [Tu, Sect. III. 1.3], we can perform this surgery by consecutive 
gluings of the Ui to the corresponding boundary components in M \ mt{U) 
along hi : dUi — dUi C M \ mt{U) , and we see that the general result follows 
from the case m = 1 . Therefore, assume m = 1 and let g = gi. Denote by X 
the decorated 3-cobordism (M \ int(C/), 0) , where dU = -d{M \ int(f/)) 
is parametrized by dQ. Denote by X' the decorated 3-cobordism equal to 
X, except that the base is parametrized by dQ o g. We identify U with the 
decorated 3-cobordism (U, 9,811) with the empty ribbon graph, where dU is 
parametrized by dQ . Then h: — > is a d-morphism of parametrized 

d-surfaces and 

T{M',n) = A:"1t(X')t(?7) 
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by (27), where k = VA'^ and mi is determined by (28). By (30) we get 
T{X')e{g~^) = k~^-T{X), and by the remarks following (29) we have e{g~^) = 
e(ff)"^ so 

T{M',n) = k"'^-^'-T{X)e{g)T{U). 

Let Y be the decorated 3-cobordism in (32). By Conventions 5.2, Q: Y ^ U 
is a d-homeomorphism, so t{U) = t{Y) by the axioms for a TQFT. Since r(X) 
is if -linear we therefore have (use also (32)) 

r{M',n) = k^^-^-T{X)e{g)ho = k^^-^- Ajfir{X)bj, 

where A = {Aij)-j^j is the matrix of €{g) with respect to the basis 
The set coI(L) is identified with / since L has only one component. For j & I 
we let Uj = {{U,T{L,j)),$,dU) be the decorated 3-cobordism identical with 
U , except that Uj has the colored ribbon graph T{L. j) sitting inside. The pair 
(M, r(L,j) U n) can be obtained by gluing of Uj to X along idgij: dj^Uj = 
dU dU = d-X (which is a d-morphism). By (27) we therefore get 

T(M,r(L,j) U 17) = fc™V(X)T([7,-), 

where the integer = ix{{N{Uj)),X{-dX),N{X)) by (28). Here N{Uj) = 
N{U) since the Lagrangian relation of a decorated 3-cobordism does not de- 
pend on the colored ribbon graph sitting inside. By the commutative diagram 



^(1;) 

dQ 



dU 



i and j being inclusions, we get N{U) = ker(j* : Hi{dU;R) — »• Hi{U;'R)) = 
(?Q*(A), where A = A(i.). Moreover, X{—dX) = X{dU) = dQ^{X), so m2 = 0. 
We have T{Uj) = t(Y^) since Q: Yj ^ Uj is a d-homeomorphism of decorated 
3-cobordisms by Conventions 5.2. By (31) we therefore get 

t(M', O) = fe-i-'^- ^ t(M, r(L, j) U i^)Aj,o. 

Prom (30) we have /x_ = n{X-{X), X-{X'), N{X)) since X+{X') = 0. Here 
A_(X) = X{dU) = dQ^{X) and A_(X') = {dQog)^{X), so 

/x_ = /x(5Q, (A) , (5Q o 5), (A) , 7V(X)) . 

By (28), mi = ^x{K{N{U)),X{-dX'),N{X')). Here N{U) = dQ^X), see 
above, so K{N{U)) = ihodQ)4X) = {dQog)^{X). Moreover, X{-dX') = 
{dQ o g)^,{X) , so nil = 0. □ 
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To express the matrices A^^^ in terms of the S- and T-matrices we use the 
description of e: ^(i:) ^(i:) given in [Tu, Sect. IV. 5. 4]. We have an iso- 
morphism [/] M{f): Modi — > SL(2,Z), where [/] is the isotopy class 
represented by /: ^(i-) ^(i-,) ^if) matrix of the induced au- 

tomorphism on 1-homologies /*: i?i(S(i.);Z) Z) with respect to 

the basis {[a], [f3]} , see Conventions 5.2. Let [/a] be the element in Modi cor- 
responding to the matrix A € SL{2,'Z) under this isomorphism and let G and 
S be the generators of 5.^(2, Z) given in (6). By [Tu, pp. 193-195], the matrices 
of the if -module automorphisms e(/s),e(/e): ^'(i;) — ^'(i;) with respect to 
the basis {^jjig/ are given by T>S~^ and T respectively. (Note here that H 
and G correspond to respectively s and t in [Tu]. Moreover our basis {[a], [/?]} 
corresponds to { — [a], [[3]} in [Tu, Fig. IV.5.1].) 

Lemma 5.5 Let C = (ai, . . . , a„) G Z" and let g = fj^c = /e"/H/e""Vs • • • 
/eVs- The matrix of e{g) : ^"(1;) *(i;) with respect to the basis is 
given by 

G = p-"(AX)-^)"*G^S-^5, 

where S = S if n is even and S = S if n is odd. Here S is the S— matrix for 
the mirror of V. Moreover, m = Y^I^ sign(af /3f ) = \ (E"=i ai - ^(-B*^)) . 

Proof Let h: S(i.) ^(i;) be an arbitrary orientation preserving diffeomor- 

phism, and let ^ ^' ^ ^ G 5'L(2,Z) be the matrix of the induced automor- 
phism /i^, : i7i(S(i.);Z) ifi(S(-i.); Z) with respect to the basis {[a], [/3]}. We 
have Ai = A(i.) = Span]R{[Q;]} . Therefore (/e)*(Ai) = Ai, and we get directly 
from (29) that 

e{hf^) = eih)e{f^), e(f^h) = e{f^)e{h) 

and moreover e{fQ ) = (e(/e))'" for all m G Z. Next consider composition with 

/=. Wc have that (/s)*(Ai) = A2, where A2 = Span]R{[/3]} . Let A3 = /i*(Ai) = 
SpanK{a[a] + c[/3]}, and let uj be the intersection pairing (26) with S = ^(i-.)- 
Let W = (Ai + A2) n A3 = A3 and let (. , .) be the bilinear form on W defined in 
(25). For X = a[a]+c[l3] we have {x,x) = uj{c[l3],a[a]+c[P]) = acoj{[(5], [a]). By 
definition, the Maslov index ^(/i*(Ai), Ai, (/=)~-^(Ai)) = /i(Ai,A2,A3) is equal 
to the signature of (. , .) which again is equal to — sign(ac) since a;([/3], [a]) = 
—io{[a],\p]) = —l. Therefore 

eihh) = (AP-^)^^s"^(-)6(/H)e(/i). 

Let gi = /e /s/e"' • • • /e /h- In particular g = g^, and (gi)^ : ifi(S(i.);Z) 
ifi(S(i.);Z) has the matrix Bf with respect to the basis {[a], [/?]}. For i > 1 
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we have 

ei9^+l) = e(/e'+7H5.) = (AP-i)-^-^/^? )(6(/e))'^^+^e(/=)e(<7,). 

Also note that e{gi) = (e(/e))'*^e(/H) • We therefore get 

G = (Ap-^)'"r""(P5-^)T""-i (VS-^) ■ ■ ■ T'^'iVS-^), 

where m = Y^^'^ sign(af /3f ) . We also have m = l (X;"=i - by (19). 

By (1) we have that S'^^ = T)~^S. Recall here that Sij = Si*j. The result 
now follows by using that Vi* = Vi and Si*j* = Sij for all i,j G /, see [Tu, 
Formulas (II.3.3.a-b)], and by using that i i* is an involution in /. □ 

Note that {G^S-^S)j,o = G^q for all j el since 0* = 0. 

Remark 5.6 We have chosen in this paper to work with the generators S and 
G for S'L(2,Z) since it seems to be the standard. However, the above result 
suggests that in the above setting it is more natural to work with E!~^ = — S 
and 6. If we do this we will not need the strange factor S~^S in the formula 
for G in Lemma 5.5. Note also that the use of instead of H causes no 
difficulties with respect to the matrices in (7) since we actually only need 
these as elements of PSL{2,Z) in any case. Another (more radical) way to 
avoid a factor such as S~^S is to use S as the S-matrix for a modular category 
instead of S, see [Kir], [BK]. 

6 A second proof of formula (9) 

In this section we use the surgery formula in Theorem 5.3 to calculate the 
invariant of M = (o; 5 | b; (ai, /3i), . . . , (a„, /?„)) . First assume that 6 7^ 0. Let 
an+i = 1 and (3n+i = b, let T,g be a closed oriented surface of genus g, let 
Di, . . . , Dn+i be disjoint closed disks in T,g , and let : -Dj x 5^ ^ Eg x 
be the inclusion, i = 1, . . . ,n + 1. Let x be the oriented standard 
solid torus in , see Conventions 5.2, and let /cj : B^ ^ Di be orientation 
preserving homeomorphisms, i = 1, . . . ,n + 1. Moreover let Qi = Qi° {ki x 
idsi): 52 X 5"^ ^ Eg X S'^ and Li = Qi{OxS^). The manifold M is given by 
surgery on T,g x along the link L = W^^^Li with framing Q = II^+j^Q, and 
surgery coefficients {cti/Pi}^^^ . (The orientation of T,g x is given by the 
orientation of followed by the orientation of , where is oriented as in 
the oriented standard solid torus B^ x .) Let Ci be as above Theorem 4.1, 
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z = 1, . . . , n, let Cn+i = {—b, 0) (a continued fraction expansion of a„+i//3„+i ), 
and let m„+i = 2. By Theorem 5.3 we have 

t(m) = (AP-i)'^+sr=i'^p-Er=i'"^i 



/n+l \ 
Ecol(L) \i=l / 



X 

AGcol(L) 

Here (S, x 5i,r(L,A)) = x 5^ with t = {g;{VxiL,),l),--- ,(^A(W)'l))- 
For an arbitrary type t we have 

r(St X 5^) = Dim(^t), 

where is the projective -module given in (24) and Dim is the dimension 
in the (ribbon) category of finitely generated projective -modules, see [Tu, 
Sect. 1.1.7.1 and Appendix I]. This follows by [Tu, Theorem IV.7.2.1], the re- 
marks following this theorem, and [Tu, Sect. IV. 6. 7]. The dimension Dim(^'t) 
is calculated for an arbitrary type in [Tu, Sect. IV. 12]. (The formula for this 
dimension is a generalization of Verlindc's well-known formula [V] to the set- 
ting of modular categories.) For t = {g; (V^^, 1), . . . , (V^^, 1)), ii, . . . , G J, 
we have 

(m \ 
n (34) 
k=i / 

by [Tu, Theorem IV. 12. 1.1]. Putting the above together we get 
r(M) = (Ap-^)'^+S"=i'^^p2g-2-Er=Y"^i 

X J](dim(i))2-2.— 1 (li{SG%,o] . 

jei \i=i J 

Here 5G^"+i = S^T'^'S, so by (1) we get 

k,lei 

where we use that vj* = vj, cf. [Tu, p. 90], and that dim(j*) = dim(j) by [Tu, 
Corollary 1.2.8.2] and the definition of a modular category. Therefore 



t(M) = {AV-^)t'+^^=i^*V^3-2-E7=imi 



jei \i=i > 
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This expression is identical with (9) and (20) if 

H + Cn+i =n + sign(e). (35) 

Since Cn+i = (—6,0) and 0~^H = ^ ^ ^ wc immediately get c„+i = 

— sign(6) by Lemma 5.5. By notation from Lemma 5.4 we have Mq = T,g x 
and 

Mi = (o;fif|0;(ai,/3i),... ,{ai,Pi)), z = 1,2, ... ,n. 

Moreover Xi = M,^i\mt(Ui) is obtained from Yi = (S^\int(i:'iU. . .U A)) x 5^ 
by pasting in i — 1 solid tori Ui, . . . , J7j_i as explained above leaving one torus 
shaped cave. We have 

i 9 

T^i{Yi) = < ai,6i,... ,ag,6g,gi,... I JJgj]^[aj-,6j] = 1, 

i=i i=i 

[h, Qk] = [h,bk] = [h,qi] = l, k = l,... ,g, 1 = 1,... ,i>, 

cf. [JN, Sect. 6 pp. 34-35], [Se2, Sect. 10]. Here qj corresponds to the 'partial 
cross-section' dDj x {1}, and h is a fiber. The generators ai, 6i, ... ,ag,bg are 
induced by the usual generators of 7ri(Eg) =< ai,bi, . . . ,ag,bg \ Y\j^i[aj, bj] = 
1 > . By the theorem of Seifert and Van Kampen, gluing in the torus Uj adds 
a new generator t and two new relations q^^h^^ = 1 and q^^h'^^ = t. The 
generator t and the last relation can be deleted by a Tietze transformation, so 
we get 

i 9 

Tri{Xi) = <ai,bi,... ,ag,bg,qi,... ,qi,h\ '[\qjY[{aj,bj] = l, 

j=i j=i 

[h,ak] = [hM = [h,qi]=qrh^' = ^, 
k = l,... ,g, 1 = 1,... ,i, s = 1, ... ,i-l> . 

By abelianizing we see that Hi{Xi;Z) = 1?^ T, where 

i 

T =<qi,... ,qi,h\ ^ qj = agqs + Pgh = 0, s = 1, . . . ,i-l>, 

i=i 

and by the universal coefficient theorem we have Hi (Xj ; R) = M^^ © (T (g)^ ^) ■ 
Let 

= {dQi)*{\i:)) = SpaniR{gi}, 
A^'^ = (9Qj)*(SpanK{aj[a] + = SpanR{Qj5i + /3ih}, 

A^'^ = ker (i, : Hi{dUi; R) ^ Hi{Xi;R)) , 
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i = 1,2,... ,n + 1. Here Hi{dUi;M.) = Span]R{gj, ^}. A small calculation 
shows that A^*^ = Span^ivi}, where yi = qi and yi = qi - (Z^}=\ ^) h for 

z = 2, . . . , n + 1 . Let ( , )j be the bilinear form on (A? ^ + A^'^) n A^ = A$'^ 
defined by (25) with H = Hi{dUi;M.) , to equal to the intersection pairing tOi 
on Hi{dUi;R), and A^- = A^'^ j = 1,2,3. Moreover, let m = fi{xf\ x'>l^ ) 
be the Maslov index equal to the signature of (. , .)i . We get immediately that 
III = 0. Let i E {2, . . . ,n + l} and let Xj = aiqi + Pih and U = j=i ^ • Then 

yi= (l + ^ti^ qi - ^^xi. Therefore 

{yi,yi)i = i^i{-^Xi,qi - Uh) = ^ti+iti, 

Pi Pi 

where tn+2 = — e. Here U > 0, and for i < n we have ai//3i > and tj+i > 0. 
Therefore /Xj = 1 for i = 2, . . . , n. Finally, Hn+i = —sign (6) sign (e) , so n = 
^^=1 l^i = n~\ — sign(6)sign(e) . The identity (35) is therefore equivalent with 
the identity sign(e) + sign(6) + sign(6)sign(e) + 1 = which is true. Note that 
the above also holds in case n = (no exceptional fibers). In this case e = —b. 
In case 6 = we ignore everything concerning the surgery along the component 
If n > we have to show that n = n + sign(e), where /i = Y17=i f^i 
and e = — J27=i ^ ^ Since li = Y17=i /f^i = ~ 1 this identity is true. If 
n = the surgery formula is of no use. In this case r(M) = r(Eg x S^) = 
V^9-2 Y^,^^ (dim(j))^"^^ by (34) in accordance with Theorem 4.1. 

7 A third proof of formula (9) 

In this section we will use the formula in [Tu, Theorem X.9.3.1] for the RT- 
invariant of graph manifolds to derive (9). This formula is valid for unimodular 
categories with a rank, see Sect. 3. 

Let M = (o; 5 I 6; (ai, /3i), . . . ,(a„,/3„)). It turns out to be an advantage to 
work with — Af instead of M . According to Theorem 2.1, —M = {o]g \ — b — 
n; {ai, ai - /?i), . . . , (a„, a„ - /?„))• Let Cj = {a^i\ ... , am]) be a continued 
fraction expansion of aj/Pj with aj > 2 and let A be the m x m-matrix in 
(14), m = 1 + E"=i rrij. By [O, Corollary 5 p. 30] and [Tu, Sect. X.9.2], the 3- 
manifold — Af is the 3-dimensional graph manifold determined by the matrix 
-A and the integers 51,52, • • • ,5m, where gi = g and ^2 = • • • = 5m = 0. 

Let {V,{Vi}i(zj) be a unimodular category with a fixed rank D. By [Tu, The- 
orem X.9.3.1], the RT-invariant of the graph manifold N , determined by the 
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symmetric square matrix B = (ap,g)^q=i over Z and a sequence of non-negative 
integers 91,92,- ■■ ,9m, given by 

r(v,i,)(7V) = A-(^)p'' (36) 

(m 
n <^;)(dim((^(p)))2-2^.-. n^.)'""^' 
p=l p<q 



where h = hi{N) — bo{N) — m — null(iJ) — ct{B), where null(i?) and (7{B) are 
the nulUty and signature of B respectively, and ap = ^q^p\ap,q\- Moreover, 
Sp,q = S'^(p),¥>(g) if «p,g > and s^,g = 'S'<^(p)*,^(5) if Op,? < 0. 

We have boi—M) = 1 and cr{—A) = — ctq, where cto is given by (10), (20). By 

[JN, Corollary 6.2], bi{-M) = 61 (M) = 2g + Se,o, where Se,o = 1 if e = and 
otherwise, and by the proof of (10) we have null(— ^) = null(^) = 5e,o- If we 
write -A = (ap,q)™q=i then 

n ,p = 1 

2 ,p e {1,2, . . . ,m}\ {l,mi + 1, mi + m2 + 1, . . . ,m} 
1 ,p G {l,mi + l,mi +m2 + 1, . . . ,m}. 

According to [Tu, Exercise II.2.5] we have 

^(V,P)W =^(v,©)(-^^). 

where V is the mirror of V, see Sect. 3. The modular category {V,{Vi}i^j^ is 
also unimodular, cf. [Tu, Exercise VI.2.3.1]. By (36) we get 

r(y_p)(-M) = (A^p-^)-"°p29-2-E^=i™. 



X 



j=l 1=1 j=l 

Here Vi = and Sj*^k = Sj^k- By (3) we then get 

n rrij-l ij) 



X 



j=i 1=1 ^ ■ j=i 
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jei \i=i ) 



This expression is identical with (9). 



8 The case of 5/2 (C) 

Let t = exp(i7r/(2r)) , where r is an integer > 2, and let Ut be the Hopf algebra 
considered in [RT2, Sect. 8], see below for details. With notation from [RT2] 
we have that (f/t, /?, u^^, {Vi]i^i) is a modular Hopf algebra as defined in [Tu, 
Chap. XI]. Let (Vt,{Vi}ig/) be the modular category induced by this modular 
Hopf algebra, of. [Tu, Chap. XI]. 

Let us recall some notation and results from [RT2]. The quantum group Uy{sl2) , 
q = , is the Q(i)-algebra with generators K, K^^ , X,Y subject to the rela- 
tions 

XY -YX 



t'-t-^ ' 

XK = r'^KX, YK = fKY, KK'^ = K'^K = 1. 

The algebra Ut is given by the quotient of Ug{5l2) by the two-sided ideal gen- 
erated by the elements X^, y , K'^^ — 1. In the following we will consider Ut as 
an algebra over C. 

To determine the RT-invariants of the Seifert manifolds with non-orientable 
base we need to determine the signs Si in Lemma 3.1 for all self-dual i e I = 
{0, 1, . . . , r — 2} . It is a well-known fact that all the simple objects Vi in Vt are 
self-dual. Let us provide some details. We let 

t^^-t'"^^ sin(7rA;/r) 
" t2 - t-2 = sin(7r/r) 

for an integer k. Let a € { — \/ — 1, \/— 1, —1, !}• Then we have irreducible Ut- 
modules {y*(a)}ie/ with a basis (over C) of weight vectors {e\^{a)}\^Q such 
that 

K(^^{a) = af-2"e^(a), 
Xe^(a) = Q!^[n][i + 1 — n]ejj_i(a), 
= 4+1 (a) 
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for n = 0, 1, . . . ,i, where eLi(a) = el_^_i{a) = 0. Let {/n(Q;)}^=o the basis 
of V^(a)* dual to {e^(a)}^=o [RT2, Sect. 8]. By using the antipode 7 of 

Ut determined by -f{K) = K'^ , -f{X) = -t^X and 7(y) = -t'^Y , see [RT2, 
(8.1.4)], one gets 

Kaa) = a-42-7;(a), 

XflXa) = -aH''[n + l][i-n]f;,^^{a), 

for n = 0, 1, . . . where /1i(q) = /^i(a) = 0. We have Vi = ¥'{1), i G /. 
The following lemma follows by a straightforward computation using the above 
?7t -module structures. 

Lemma 8.1 Let ajj£ . A C-linear map h: V^{a)* 

y*(/3) is a Ut-module isomorphism if and only if (5 = and 

h{fi{a)) = 5,{-irt-'M-n{c^-') (37) 
for a Si eC\{0}. □ 

The lemma shows, as claimed above, that the module Vi is self-dual for all 
i e /. 

Lemma 8.2 We have Si = (—1)* for all i E I . In particular the modular 
category {Vt,{Vi}i^i) is not unimodal. 

Proof We use Lemma 8.1 together with Lemma 3.2 to determine the signs £j , 
i e I. To this end note that v = uK~'^ , where u is the element u in Lemma 3.2. 
As indicated in the beginning of this section we shall use as the element 
V in Lemma 3.2. (This is due to different conventions in [Tu] and [RT2].) We 
see that uv~^ = K"^ (use that is central). Fix z G / and let oj = , 
where h: V* ^ Vi is given by (37) (with a = 1). Moreover, let e„ = e^(l), 
/„ = /^(l). Then 

.;(e„) = <5-i(-l)*-"t2(-«)/^_„. 

Let z = G o (u;~i)*(/j_„) e Vi, where G: V^** Vi is the canonical isomor- 
phism as in Lemma 3.2. Then 

On the other hand G~^{z){fm) = fm{z), so we see that z = 5i(— l)'^i~^"e„. 
But then 
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Let K{i), i G I , he the quantity in (5). The i? -matrix calculation of K{i) gives 
the result K{i) = { — lyAvf (dim(i))^"'^ , A = (dim(u))^, so gives together 

with Lemma 4.2 another proof of Lemma 8.2 and the fact that all the simple 
modules Vi, i e I, are self-dual. 

Let Vi be equal to the Vi in [RT2], i.e. Viidy^ is equal to the map Vi ^ Vi given 
by multiplication with v, i E I . Moreover, let di be equal to di in [RT2], i.e. 

^ diViSij = vj^ dim(j), j G I. 

Since i = i* here, this can also be written 

^ diViSi*j = vj'^ dim(j), j € I. 

It follows that the Vi and di are equal to the Vi and di associated to Vt in [Tu, 
Sect. IL3], where is the mirror of Vt, see Sect. 3. By [RT2, Sect. 8.3], 

Vi = 

[2 

di = Y - sin(7r/r)Co dim(z) 

for i G I . Here Cq = exp{^/ —Id) is a square root of C = Yli^jV^^^ dim(i)cij = 
exp{2\/~ld) , where d = and dim(i) = [i + 1]. In particular do = 

y^sin(7r/r) exp(-\/^(i) . According to [Tu, pp. 88-89] we have that do = 
Ay^A"-*^ and C = Ay^do- (Here we use that the dimensions of any object of 
Vt with respect to Vt and Vt are equal, cf. [Tu, Corollary 1.2.8.5], so A is the 
same element in these two categories. By the same reason P is a rank of Vt if 
and only if 2? is a rank of Vt-) We see that A = Cdn^ = ^ ■ 2} , ^ ■ As a rank 
we choose 

Let {vi}i£i be the Vi associated to Vt- Then 

Vi = vr^ = f (^+2) = r , iel- (39) 



By (3) we get A = Ay^ = ^^^z^ = V^doC''^ , so 

AV-^ = VdoC-^ = exp(-V^d) = exp f ^^^i'^-'') \ (40) 
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The S-matrix of Vt is given by 

.inWi+l)0, + l)/O 
sin(7r/r) 

cf. [RT2, Sect. 8]. 

Inspired by the Chern-Simons path integral invariant of Witten, see [Wi] and 
the introduction, the RT-invariant T(y^ x>) is also called the quantum SU{2)- 
invariant at level r—2 and is denoted . We will take advantage of the fact that 
the projective action of Modi = SL{2,Z) considered in (29) can be normalized 
to a linear action (in fact to a linear action of PSL{2,7j)) in the s/2(C)-case. 
Let TZ: PSL{2,'L) GL{r — 1,C) be the unitary representation given by 



for j,l G /' = {1,2, .. . ,r — 1}. Here we write M for the matrix Tl{M). By 
changing the index set of the basis {bi}i^i to I' (so that the new Vj and bj 
are equal to the old Vj-i and bj-i, j & I') and comparing (42) with (38), (39) 
and (41) we get 

Sji = VEji, (43) 



Tji = exp exp J 5ji = e 4 exp (^--J 0^, 

for j, lei'. The representations TZ have been carefully studied by Jeffrey in 
[J] where she gives rather explicit formulas for M in terms of the entries in 
M G SL{2,Z), see also the proof of Theorem 8.4 below. These representations 
are known from the study of affine Lie algebras, cf. [K]. 

The following corollary is an 5^2 (C) -version of Theorem 5.3. It simply follows 
by choosing tuples of integers Ci such that Bi = i = 1,2, . . . ,m. By 

the first remark following Theorem 4.1, Ci is a continued fraction expansion of 
Pi/qi- Besides note that AV^^ = w^"^ with w = e~ exp (— ^) by (40), and 
that = 102^=1 for C = (ai, . . . , a^) G Z"* by (43), (7), and (8). 

Corollary 8.3 Let the situation be as in Theorem 5.3 and let Bi G SL{2, Z) 
with first column equal to ± ^ ^ , i = l,2,... ,m. Then 



rr{M',n) = (^exexp(-|)) 



X Yl T,(M,r(L,A)uQ) n(^^)A(L.),ih 

Aecol(L) \i=l / 
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where fj, is given by (33) . □ 

The following theorem generalizes results in [Roz] to include the case of Seifert 
manifolds with non-orientable base. Specifically the expressions (44) and (45) 
are equivalent to [Roz, Formulas (2.7) and (2.8)] for e = o. (Rozansky uses non- 
normalized Seifert invariants.) To state the theorem we need some notation. 
Multi-indices are denoted by an underline (e.g. m). For k = (ki, . . . ,kn),l = 
{h, . . . , in) G Z", ^ < i if and only if kj < Ij for aU j = 1, . . . , n. We let 1 = 

(1, . . . , 1) . For = (fci, . . . , fc„) e we write Zi=o ^ot E^\=o • • • E^=o 
etc. In all expressions below e denotes the Seifert Euler number (except in 
factors such as e~). Let = 2 and = 1. For a pair of coprime integers 
a, (3 we let P* be the invers of (3 in the group of (multiplicative) units in Z/aZ. 

Theorem 8.4 The RT-invariant at level r — 2 of the Seifert manifold M with 
(normalized) Seifert invariants {e;g \ b; (ai,/3i), . . . , (a„, /?„)), e G {o,n}, is 



Tr{M) = exp 



ITT 

2r 



3{ae - l)sign(e) - e - 12 ^ s(/3,-, a^) 



(44) 



„-n ajg/2— 1 -i 



where s(/3j, aj) is given by (18), A = YYj=i ^^j ? 

exp (f 67^)^ 

Ate{±i}" \j=i 



Z,(M;0 = j:(-ir.._^lg^ in", I (45) 




J 

exp j — 27^^ — [rm| + fijirii 



The RT-invariant at level r — 2 of the Seifert manifold M with non-normalized 
Seifert invariants {e; g; (ai, /?i), . . . , («„, /?„)} is given by the same expression. 

The theorem is also valid in case n = 0. In this case one just has to put ^ = 1 
and Z]j=i s(/3j, aj) = 0. Moreover, the sum Z)^g{±i}» Z)to=q Ze{M;r) has 
to be put equal to 1, e = o,n. 
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Proof Let M = {e;g\b;{ai, Pi), . . . , («„,/?„)), e G {o,n}. Choose tuples of 
integers Cj = {a^\ ■ ■ ■ ,Om]) such that B^^ = | j for some Pj,aj G Z, 

j = 1,2, . . . ,n. By Theorem 4.1, the first remark after Theorem 4.1, Lemma 8.1 
and Lemma 8.2 we have 

Tr{M) = (AP-^)''^X)"^^~^~^?=l"'^ 

r— 1 / " \ 

X ^(-l)(^-i)«^^^;-Mim(jf ll(^G%,i , 

j=l \i=l J 

where (Te is given by (10) if e = o and by (12) if e = n. Here AV^^ = w"^ , 
where w = e~ cxp (— ^) , see (40). Moreover, Vj = t'^P^ , see (39), dim(_7) = 

\j] = ^Vsin (^^) , and SG^' = vJ^klA'^ V^^+^Ni, where Ni = SS^S so 



...x^.v, / — V w i=i ^A:=i "fe -•^'^^ exp (^6) . By (20) and the equivalent 

expression for we get 

^ (_l)a,ffy^Er=i*(S'^0-3E?=isign(a,-^,)-3(ae-l)sign(e)g^p J^ll^^ _ 

If^=^^ 5'L(2,Z) with c / we have by [J, Proposition 2.7 (a) and 

Proposition 2.8] that 

/I H ^, o \ ^ ' 



/i=±l 7 (mod 2rc) 

7=j (mod 2r) 



= c< 



|c|— 1+mi 



Y ( ^ ['^(■^ + 2^^)^ ~ ^^(-^ + ^''") + ^^^] ) 

.i=mi ^ ' 

|c|-l+m2 ^ . ^ 



n=m2 



for all mi, 1712 G Z, where C = z^^fSMe *4*("^) . For mi = and m2 = — IcI + 1 
we get 



/i=±l n=0 
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If Ai= ( ] e SL{2,Z) such that ^3 = A1A2 we have 

$(^3) = $(^1) + $(^2) - 3sign(ciC2C3). 

Since the representation TZ is unitary we have TZ{A~^) = TZ{A)* , so Aj^k 

d -b 



{A ^)k,j, where • is complex conjugation. Here A ^ 
imphes that ^{A~^) = -^{A), so 

4, = i^^e-f*('^) 



-c a 



(47) 

,k = 

, and (47) 



\c\-l 



X ^ ^ /xexp I — [d{k + 2rniif - 2ixj{k + 2m/x) + af] j . 
^=±1 n=0 



By this expression we get 

(iv.),-,i = • 



\f2^i 



EE" 

jx=±\ n=0 



X exp - 2j(2rn + /x) + pi(2rn + /x)'] j . 

By inserting this in (46) and using that e = — 6 — YTj=\ ^ '^^ Tr(M) = 
^^^(M; r) , where 



By (47) we have $(iVi) = $(-B^') - 3sign(aj/?i) and get 



K = (-l)«^fi 



exp ( -(1 — ag)sign(e) 



X exp I — 
^ ' 2r 



3(a, - l)sign(e) + 6 + ^ ^ - ^ $(iV, 



;=1 J j=l 



The theorem now follows by using (17) together with the facts that s(a, b) = 
s{a',b) if a'a = 1 (mod b) and s(— a, 6) = —s{a,b), cf. [RG, Chap. 3]. The case 
with non-normalized Seifert invariants follows as above by letting b be equal to 
zero everywhere. □ 
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Let M = {e;g\b; (ai, . . . , /?„)) . By (46) we have the following compact 
formula 

r.(M) = a.(r) ^(-1)^"'^^^^!^?^' (48) 

where a^ir) = (-1)«^9k;E?=i *W)-3(a,-i)sign(e) g^p (^6) , w; = exp(-f), 
and A^i = I '^■^ J for any integers pj , aj such that ajaj — Pjpj = 1. 

Let us finally give a formula for Tr{L{p,q)). To this end let b,d be any inte- 
gers such that [/ = ^ ^ ^ ) ^ SL{2,Z). Assume g 7^ 0, let F = -EU = 

-q -b^^ = («i'«2,-.. ,am-i) G Z"""^ such that B^' = V. 

Then C' is a continued fraction expansion of —p/q and C/ = EV = where 
C = (ai, a2, . . . , a^-i, 0) . By Corollary 4.4 and (43) we therefore get 

T,(L(p,Q)) = (^exexp (^-^JJ (49) 

If g = we have p = 1 and L(j9, q) = . In this case we have U = EQ'^ and 
we immediately find from (43) that (49) is also true in this case. The identity 
(49) coincides with [J, Formula (3.7)]. 

Remark 8.5 It should not come as a surprise that we find the same result 
as Rozansky for the invariants of Seifert manifolds with orientable base. The 
calculation in [Roz] of these invariants follows the very same line as in the first 
part of Sect. 6. He uses a surgery formula [Roz, Formula (1.6)] which is identical 
with the surgery formula in Corollary 8.3 and a Verlinde formula [Roz, Formula 
(2.4)] which by (43) is identical with the Verlinde formula (34) of Turaev. 

Remark 8.6 In more recent literature the symbol Uq{sl2{C)) normally refers 
to a Hopf algebra defined in a slightly different way than in the above text. It 
is well known [Kir], [BK], [Le] that Lusztig's version [Lu, Part V] of quantum 
deformations of simple complex finite dimensional Lie algebras at roots of unity 
is particular well suited to produce modular categories. Let us specialize to the 
5l2-case. Let 9 = exp(z7r/r), r an integer > 2, and let C/g(s/2(C)) be Lusztig's 
version of the quantum group associated to 6 and 3/2 (C). This is a Hopf 
algebra over C, see the above references for the definition. (The root of unity 
6 is denoted q in [BK] and e in [Kir].) The representation theory of Ug{5l2{C)) 
induces a modular category (V^, {V^/}ie/) , / = {0, 1, . . . , r — 2} , with S- and 
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T-matrices identical with the S- and T-matrices for the modular category 
Vt, t = exp(z7r/(2r)) , considered above, cf. [Kir, Theorem 3.9], [BK, Theorem 
3.3.20]. (One should note different notation in [Kir] and [BK]. Note that the 
s-matrix in [BK] is Turaev's S-matrix of the mirror of V^, i.e. Sij = Si*j, 
i,j G I, and that s in [Kir] is identical with s in [BK] and vice versa.) The 
dimension of the simple object V- of Vg is equal to the dimension of the simple 
object Vi of Vt- The categories Vt and V'g therefore also have the same ranks 
and the same A. Similar to the proofs of Lemma 8.1 and Lemma 8.2 we find 
that V- is self-dual with associated Si = (—1)*, i G I- We conclude that 
V'g and Vt give the same invariants of the Seifert manifolds. Probably these 
two categories are equivalent giving the same invariants for all closed oriented 
3-manifolds, but we will not check the details here. 

In [Tu, Problems, question 8 p. 571] it is asked whether there exist unitary (or at 
least Hermitian) modular categories that are not unimodal. By combining the 
above with [Kir], [W] we can answer this question by a yes. The non-unimodal 
modular categories (V^, {V-}i^i) provide such examples. 

In [Tu, Chap. XII] Turaev constructs a unimodular category (Vp(a), {Wjjjg/) 
for any primitive 4r'th root of unity a using Kauffman's skein theoretical ap- 
proach to the Jones polynomial together with the Jones-Wenzl idempotens. 
Here / = {0, 1, . . . , r — 2} as above and all the simple objects are self-dual. (In 
[Tu] Wi is denoted Vi .) In [Tu, Problems, question 24 p. 572] it is asked whether 
Vp(a) (with ground ring C) is equivalent (as modular category) to the modular 
category (V^ , {V^"}ig/) induced by the representation theory of C/q(s/2(C)) for 
q = —a^. Here Uq{sl2{C)) is given in [Ka, Sections VI. 1 and VII. 1] and differs 
slightly from the Uq{sl2{C)) given in this section and also from Lusztig's ver- 
sion, see above. For any primitive 2r'th root of unity q the modular category 
Vq is non-unimodal, so the answer to the above question is no. In fact, by 
using arguments similar to the proofs of Lemma 8.1 and Lemma 8.2, one finds 
that V^" is self-dual with associated Si = (—1)*, i G /. One can construct a 
non-unimodal modular category Vp{a) by changing the twist 9 in Vp{a) slightly 
preserving all other structure. In fact one can construct a new twist 9' satisfy- 
ing 9'^. = {—lyOwi, i ^ I- (One simply changes the twist 9n, n = 0,1,2, ... , 
in the skein category in [Tu, Sect. XII. 2] into (— 1)"'0„.) By the definition of 
the elements Si, see Sect. 3 above Lemma 3.1, we immediately get Ei = (— 1)*, 
i & I, for Vp{a). In his thesis [Thl] H. Thys shows that the modular category 
Vp{a) is equivalent to the modular category , if is a primitive root of unity 
satisfying q = a? , see also [Th2]. By using the twist 9' instead of 9 in the 
last part of the proof of [Tu, Theorem XII. 7.1] and in [Tu, Exercise XII. 6. 10 1)] 
one finds that the S- and T-matrices for V'{a) are identical to these matrices 
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for Va- Moreover the dimension of the simple object Wj of Vp(a) is equal to 
the dimension of the simple object of Va , i G / (use [Tu, Sect. XII.6.8]). 
We conclude that these two modular categories give the same invariants of the 
Seifert manifolds. Probably these two categories are equivalent giving the same 
invariants for all closed oriented 3-manifolds, but we will not check the details 
here. 



9 Appendices 



A. Normalizations of the RT— invariants 

As a convenience to the reader we compare in this appendix the normalizations 
of the RT-invariants used in the literature in particular the ones used in [RT2] , 
[KMl], [TWl], [Le] and [Tu]. The invariants of 3-manifolds with embedded 
colored ribbon graphs constructed in [RT2], see also [TWl], are based on mod- 
ular Hopf algebras. The definition of a modular Hopf algebra in [Tu, Chap. XI] 
is slightly simplified compared to [RT2], [TWl]. If {A, R,v,{Vi}i^i) is a mod- 
ular Hopf algebra as defined in [RT2], [TWl], then {A, R,v~^ , {Vijiei) is a 
modular Hopf algebra as defined in [Tu]. (The definition of the i;.j's on p. 557 
in [RT2] has to be changed according to [TWl]. That is, Ujidy. should be equal 
to the map — given by multiplication with instead of the map given 
by multiplication with v.) Let (V, be the modular category induced 

by the modular Hopf algebra (^A, R,v~^ , {Vi}i^i^ , cf. [Tu, Chap. XI], and let 
(M, $7) be as in (2). The invariant of the pair (M, O) as defined in [RT2] is 
given by 

jr(M,J^) = C-<^-(^) Yl (n«!A(L,))^v(r(L,A)UO). 

Aecol(L) \i=l / 

Here C = ^-^^v^^ dim{i)di, where {di}i^i is the unique solution to 

^ ViSijdi = vj^ dim(j) , j G /, (50) 

where S is the S-matrix of V. Moreover (T-{L) is the number of negative 
eigenvalues of the intersection form of Wl- By comparing with [Tu, Sect. II. 3] 
we sec that C = xdo, where x = X^jg/ c^i dim(i) = A = Ay, and !F{M,^) = 
T{;iM,n) = (Ap-i)''i(^)l?r(v,23)(M,0), where P is a rank of V and 6i(M) is 
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the first betti number of M . According to [Tu, p. 89] we also have C = xdo = 
{AV-^f. In [TWl] the invariant J^{M,n) is shghtly changed to 

Aecol(L) \i=l / 

where Cq is a square root of C. For Cq = AV^ we have 

ta{m, n) = Cq''^^^j^{m, n) = Pr(v,i,)(M, n), 

which follows by using that (T-{L) = (m — bi{M) — a{L))/2. In case A = Ut, 
t = exp(i7r/(2r)), r > 2, see [RT2, Sect. 8] and the beginning of Sect. 8 in this 
paper, ta{M) = Tyi(M, 0) is equal to the invariant Tr{M) in [KMl]. 

To compare with [Le] we use a more symmetric expression for r^y x)) ■ To this 

end let A" = A and A+ = A^, so A=^ = Yl^^jV^^ (dim(i))^. Moreover, let 
(T+(L) be the number of positive eigenvalues of the intersection form of Wl- 
Then, by using (3) and the above formula for cr-{L) , one gets 

^ E (ndim(A(Li))jF(r(L,A)UO). 

Aecol(L) \i=l / 

The invariant 'D^''^^^^~^^T^i) 'jy-j{M,i}) is the invariant considered in [Le] in case 
the modular categories are the ones induced by the quantum groups associated 
to simple finite dimensional complex Lie algebras. 

B. Framed links in closed oriented 3— manifolds 

In this appendix we discuss different ways of presenting a framing of a link L in 
an arbitrary closed oriented 3 -manifold M . We will here explicitly work in the 
smooth category so we can use differential topological concepts. To simplify 
writing we restrict to the case of knots. The generalization to links will be 
obvious. 

Three ways of defining a framing Let i^' be a knot in a closed orientable 
3-manifold M , let TM\k be the restriction of the tangent bundle of M to 
K, and let NK = TM\k/TK be the normal bundle of K . Since M and 
K are orientable, NK is an orientable 2-dimensional real vector bundle over 
K . Isomorphism classes of oriented 2-dimensional real vector bundles over 
are in 1-1 correspondence with 7ri{BSO{2)) ^ 7ro(S'0(2)) = 0, so NK 
is trivializable. We let Str{K) be the set of isotopy classes of trivializations 
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of NK. There is a 1-1 correspondence between Str{K) and 7ri(GL(2,M)) = 
7ri(0(2)) = Z through homotopy classes of transition functions. However, 
there is in general no canonical choise of this bijection. A normal vector field 
on if is a nowhere vanishing section in NK . Two normal vector fields on K 
are homotopic if they can be deformed into one another within the class of 
normal vector fields on K . We let Snvf{K) be the set of homotopy classes of 
normal vector fields on K . Finally let 5emb(-f^) be the set of isotopy classes of 
embeddings Q : x ^ M with (5(0 x 5^) = K (nothing about orientations 
here contrary to Conventions 5.2 in Sect. 5). A framing of K is an element in 
one of the sets Snv{{K), Str{K), Semb{K). 

Claim We have a diagram of maps 




with Jo Hi, and F o H^oGy the identity maps, v = 1,2. In particular and 
Gy are injective, u = 1,2, and F and J surjective. The images of Gi and G2 
have the same cardinality and they are disjoint with union Sn- {K) . The union 
of the images of Hi and H2 is 5emb(-f^) • Fi^ a,n orientation on K and let —K 
be K with the opposite orientation. Then Hi = H2 if K and —K axe isotopic, 
so in particular this map is an isomorphism (with inverse J). If K and —K are 
non-isotopic then Hi and H2 have disjoint images with the same cardinality. 



Proof of claim Let Q be an embedding as above and let ^(x) = Q{0,x). 
Define a normal vector field on K by Xq{^{x)) = Ili^- or(o,a;)Q(ei, 0) , where ei 
is the first standard unit vector in and Uk '■ TM\k NK is the projection. 
The map Q ^ Xq induces a map F: Scmh{K) ■SnvdK) ■ By aQ{y,^{x)) = 
Uk o T'(-o^a;)(3(y, 0) we get a trivialization of NK. The map Q ^ aq induces 
a map J: Semh{K) 5tr(i^). Let X be a normal vector field on K. Fix an 
orientation of NK and choose a normal vector field y on ii' so {X, Y} is a 
positively oriented frame for NK . Let ax be the corresponding trivialization 
of NK, i.e. ax{uei + ve2,p) = uX{p) + vY{p). The map X 1-^ ax induces a 
map Gi : <Snvf (-^) ^ti {K) . Let G2 be defined as Gi but using the opposite 
orientation of NK . Finally for a trivialization a of NK , a parametrisation 
^ : ^ K , and a tubular map r : NK ^ M we get an embedding Q^j : X 
5^ — >■ M by Qfj{y,x) = T{a{y,^{x))). Here r: NK ^ M is an embedding, 
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which on K is the inclusion K G M and for which the differential induces the 
identity on the zero-section, of. [BJ, p. 123]. The map a ^ Q^^ induces a map 
H\ : Str{K) Sfirah{K). Let H2 be defined as Hi but using ^ok instead of ^, 
where k: ^ is an orientation reversing diffeomorphism. By the property 
of the differential of r, wc get immediately the first claim (use that Hk o 
^(o,a;)Qo-|ToB2eo = Let g: be an orientation reversing 

diffeomorphism. For an embedding Q: 5^ x 5^ — > M we let Q = Q o (id£2 x n) 
and Q = Q o {gl^i x id^i). Similarly for a trivialization a of NK we let 
a = ao{gxidK)- Note that a and a are non-isotopic. The claims about Gi and 
G2 follows then basically by the observation G2([X]) = [d'x] ■ Fix an orientation 
of K and let —K be K with the opposite orientation. Then Q and Q are 
isotopic if and only if K and —K are isotopic. The claims about Hi and H2 
then basically follow from the observation H2{[a]) = Qcr- (Use that the isotopy 
class of Q is completely determined by Q|ox5i ^^'^ ° T(^Q,x)Q\ToB'^eo-) ^ 

Note that there are oriented knots K for which K and —K are not isotopic, cf. 
[Tr] . Also note that for an embedding Q : B'^ x ^ M , F maps the isotopy 
classes of Q, Q, Q, and Q to the same point. Here Q and Q are always 
non-isotopic. 

Integral homology spheres Let us consider the case where M = or more 
generally where M is an integral homology sphere (meaning that H^,{M;Z) = 
i7*(<S'^;Z)). Then wc have a well-defined linking number lk(. , .) between knots 
in M. If Q: B"^ x ^ M is an embedding with Q{0 x S'^) = K we let K' 
be the knot Q{ei x S^) . Fix an orientation of K and give K' the induced 
orientation, i.e. [K] = [K'] in Hi(U;Z), U = Q{B^ x S^). Note that we get 
the same parallel K' (up to isotopy) if we use Q or Q instead (sec the above 
proof). We therefore have an identification Si^v{{K) = Z by lk{K,K'). The 
framing corresponding to zero is sometimes called the preferred framing, cf. 
[Rol, p. 31 and p. 136]. (We also have 5nvf(-f^) = Z in the general case, see the 
claim above, but we do not in general have a canonical choice of a zero.) 

Notes on surgery Assume that M is an arbitrary closed oriented 3-manifold 
and that Q: B^ x 6*^ — > M is an orientation preserving embedding, where 
B^ X is the oriented standard solid torus and U = Q{B^ x S^) is given 
the orientation induced by that of M, see Conventions 5.2. Then Q is also 

orientation preserving. However from a surgical point of view this causes no 
problems since rational surgery along {K,Q), K = (5(0 x S"^), with surgery 
coefficient p/q as defined in (23) is identical with rational surgery along {K,Q) 
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with the same surgery coefficient p/q. If we change the orientation of M (M 
is connected) then by Conventions 5.2 we must use Q (or Q) when doing 
surgery along K . This changes the signs of all surgery coefficients for a given 
surgery. If M = = U {oo} given the standard right-handed orientation, 
then rational surgery on M along K as defined in (23), where K is given the 
preferred framing, is ordinary rational surgery on along K as defined in e.g. 
[Rol, Sect. 9.F]. 
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